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Preface. 

The  present  investigation  has  been  performed  mainly  during 
the  yeai"  1919,  the  observations  and  their  reduction  have  been 
carried  out  at  the  Observatory  of  Upsala. 

It  is  a  vejy  pleasant  duty  to  express  here  my  deep  sense  of 
obligation  to  my  teacher  Professor  Osten  Bergstrand,  who  has 
introduced  me  to  the  kind  of  observations  dealt  with  here  as  w^ell 
as  to  the  study  of  various  parts  of  astronomy,  for  the  great  in- 
terest he  has  always  paid  to  my  work  and  for  his  valuable  advice 
and  criticisms.  Among  the  preparatory  tasks  with  regard  to  the 
Zeiss-Heyde  astrograph  which  have  been  useful  to  me  here  I  wish 
especially  to  mention  a  laboi-ious  correction  of  the  position  of  the 
lenses    performed    by   Piofessor  Bergstrand  and  Docent  Lundmark. 

To  Professor  Hugo  von  Zeipel  I  wish  to  express  here  my 
gratitude  for  his  instruction  in  practical  astronomy  and  his  valu- 
able suggestions  concerning  c{uestions  within  the  range  of  the 
present  work.  A  hypothesis  concerning  the  possibility  of  deriving 
absolute  magnitudes  of  stars  by  means  of  two  color-indices  I  have 
for  the  first  time  heard  clearly  expressed  by  Professor  von  Zeipel. 

To  my  friend  Docent  Knut  Lundmark  1  wish  to  express  here 
my  indebtedness  for  an  invaluable,  never  failing  helpfulness  in 
diffeient  branches  of  my  work  at  the  Observatory.  To  other 
colleagues  and  friends  at  the  Observatory  1  am  indebted  for  valu- 
able help  during  the  exposures. 

I  will  also  express  my  thanks  hero  to  Mr  Henry  Alexander, 
M.  A.,  Lector  at  the  University  of  Upsala,  for  a  i-evision  of  the 
present  papei-  from  the  point  of  view  of  linguistic  correctness. 

Upsala,  March  1920. 

Bertil  Lindblad. 


Introduction. 

Already  in  Segchi's  attempts  to  classify  the  stars  by  means  of 
their  spectra  attention  was  paid  to  the  fact  that  different  aspects 
of  the  typical  spectral  lines  also  defined  different  states  of  the 
spectral  energy-curve  characterized  by  the  color  of  the  stars.  When 
the  laws  of  Stefan-Boltzmann,  Wien,  and  Planck  connecting  radia- 
tion and  temperature  became  known,  interest  in  the  intensity 
distribution  in  the  continuous  spectra  was  very  much  increased, 
the  color  could  now  be  interpreted  to  signify  different  states  of 
temperature  of  the  stellar  photospheres,  and  the  series  of  spectral 
classes  seemed  to  represent  the  history  of  the  successive  cooling 
and  darkening  of  the  stars.  Further  investigations  on  the  subject 
tended  to  strengthen  the  correlation  between  color  and  spectral 
type,  and  it  is  only  recently  that  we  have  obtained  evidence  to 
show  that  another  very  important  quality  of  a  star,  its  absolute 
magnitude,  has  an  influence  upon  the  color,  and  thus  that  color 
and  spectral  class  are  not  quite  equivalent.  In  this  way  it  may 
be  of  importance  to  know  the  exact  color  even  in  the  case  of 
stars  with  well  known  spectral  lines.  It  is  especially,  however, 
with  regard  to  tlie  faint  stars,  whose  spectral  classes  cannot  be 
determined  even  wnth  the  largest  instruments,  that  it  becomes  a 
matter  of  the  greatest  importance  to  know  more  in  detail  the  way 
in  which  the  two  most  significant  physical  qualities  of  a  star,  the 
spectral  type  and  the  absolute  magnitude,  act  upon  the  contin- 
uous spectrum,  and  to  what  extent  those  qualities  may  be  deter- 
mined by  examining  the  spectral  energy-curve. 

A  rigorous  determination  of  the  spectral  energy-curve  has 
been  carried  out  only  in  the  case  of  one  star,  the  sun;  the  most 
important    results    concerning    the    distribution    of  intensity  in  the 
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solar  spectrum  are  tliose  of  G.  G.  Abbot ^  and  of  J.  Wilsing'^ 
TliroLigh  these  results  we  know  that  between  wave-lengths  0.47  fi 
and  2.0  /*  tlie  solar  energy-curve  may  be  well  represented  by  that 
of  a  black  body  of  a  temperature  between  6000"  and  7000*^. 
Stefan-Boltzmann's  law  applied  to  the  value  of  the  solar  constant 
derived  by  C.  G.  Abbot,  F.  E.  Fowle,  and  L.  B.  Aldrich^  gives 
a  temperature  about  5830^.  But  when  we  go  to  the  violet  and 
ultra-violet  region,  beyond  X  0.47  ^i,  we  see  that  there  is  a  very 
marked  depression  of  the  solar  curve  in  comparison  with  tiiat  of 
the  black  body;  the  change  of  the  curve  occurs  almost  exactly  at 
the  limit  of  the  usual  photographic  spectrum.  Thus  we  cannot 
immediately  apply  the  laws  of  black  body  radiation  for  the  photo- 
graphic part  of  the  spectrum,  which  seems  to  be  the  most 
characteristic  one  concerning  the  spectral  classification  of  the  stars; 
in  all  probability  the  depression  of  the  energy-curve  is  intimately 
connected  with  the  very  strong  accumulation  of  absorption  lines 
in  this  region. 

For  bright  stars  spectrophotometric  investigations  have  been 
carried  out  by  several  investigators.  Determinations  of  stellar 
temperatures  have  been  effected  in  the  work  of  J.  Wilsing  and 
J.  ScHEiNER^,  recently  continued  and  revised  by  J.  Wilsing,  J. 
ScHEiNER,  and  W.  Munch ^  and  in  the  work  of  H.  Rosenberg ^ 
Tlie  former  investigators  have  used  a  visual  spectrophotometer 
attached  to  the  80  cm.  refractor  at  Potsdam.  The  intensities  for 
several  wave-lengths  from  ?.  0.448  /*  to  i  0.638  ^i  are  compared 
with  the  corresponding  intensities  of  an  artificial  black  body.  199 
stars  in  all  have  been  examined,  the  temperatures  determined 
according  to  Planck's  law;  they  range  from  2800"  to  22500^  The 
approximation  of  the  energy-curve  to  that  of  a  black  body  was 
very  satisfactory  for  the  region  examined. 


1  G.  G.  Abbot,  Astrophys.  Journ.  34,  p.  197,  1911;  Annals  of  the  Astropliys. 
Ohs.  of  tJie  Smithsonian  Inst.  Ill,  p.  194,  1913. 

'  J.  Wilsing,  Publ.  des  Astrophys.  Obs.  zu  Potsdam,  Rd.  22,  Nr.  G6,  1913; 
Bd.  23.  Nr  72,  1917. 

2  G.  G.  Abbot,  F.  E.  Fowle,  L.  B.  Aldbich,  Annals  of  the  Astrophys. 
01)s.  of  the  Smiths.  Inst.  Ill,  pp.   134,  201,   1913. 

"  J.  Wilsing  und  J.  Sgheineb,  Publ.  des  Astrophys.  Obs.  zu  Potsdam, 
Bd.   19,  Nr.  50,  1909. 

^  J.  Wilsing,  same  publication,  Bd.  24,  Nr.  74,  1919. 

^  H.  Rosenberg.  Abb.  der  Kaiserl.  Leop. -Garol.  Deutschen  Akademie  der 
Naturforscher,  Bd.  CI,  Nr.  2,   1914. 
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H.  Rosenberg  has  used  a  photographic  method  of  research, 
employing  a  prism-camera  with  U.-V. -glass;  the  diameter  of  the 
ohjective  was  11  cm.  For  the  sun  and  70  of  the  most  brilliant 
stars  he  has  measured  tlie  intensities  relative  to  certain  comparison 
stars  for  a  great  number  of  points  in  the  spectrum  between 
Z  0.345  f^c  and  Z  0.590  ^t;  for  late  type  stars  the  measurements  do 
not  extend  so  far  in  t!ie  ultra-violet.  The  scale  of  intensity  is 
found  by  varying  the  time  of  exposure.  The  intensity  for  a  cer- 
tain wave-length  is  then  expressed  by  the  corresponding  mean 
intensity  for  stars  of  Miss  Maury's  type  II  as  a  unit.  If  the  stars 
follow    the    laws   of  black  body  radiation,  the  logarithms  of  these 

I 

intensities  ought  to  be  a  linear  function  of    y.     Now  we  see  from 

Rosenberg's  figures  that  this  is  generally  the  case,  but  for  the 
hydrogen  stars,  Maury's  types  IV — X,  there  is  as  very  marked 
depression  of  the  curves  in  the  ultra-violet,  probably  due  to  the 
crowding  of  hydrogen  lines  beyond  i  0.4  /^i.  A  depression  of  the 
solar  curve  in  the  ultra-violet  is  also  indicated;  a  corresponding 
depression  is  somewhat  more  conspicuous  for  a  Bootis,  somewhat 
less  for  a  Aurigoe^.  The  temperatures  are  determined  according 
to  Planck's  law  by  the  difference  in  magnitudes  between  the  in- 
tensities of  Z  0.400  /t  and  i  0.500  fi;  they  range  from  2150^  to  <x^. 
The  absolute  scale  of  the  temperatures  depends  on  Abbot's  values 
of  the  intensities  in  the  solar  spectrum  for  the  two  wave-lengths 
in  question.  Apart  from  some  systematic  differences  the  tempera- 
ture scales  of  Wjlsing  and  Rosenberg  agree  well  with  each  other '•^, 
The  investigations  of  the  solar  energy-curve  have  shown  that 
we  cannot  strictly  speak  of  a  common  effective  temperature  for 
the  whole  spectrum  of  a  star  (see  for  instance  G.  G.  Abbot,  The 
Sun,  p.  113).  We  may,  however,  take  the  temperature  in  any 
system  or,  still  better,  its  reciprocal  value  as  a  color-equivalent;  a 
comparison  between  these  reciprocal  temperatures  and  the  spectral 

^  'fills  result  for  a  Aurigoe  is  contrary  to  what  may  be  expected,  the  sun 
being  a  dwarf  and  «  Aurigoe  ia  giant  of  the  same  spectral  class.  We  must, 
however,  bear  in  mind  that  «  Auriga  is  a  spectroscopic  double  star  with  a 
relatively  strong  companion  of  an  early  type.  In  the  work  by  Wilsing.  Scheiner, 
and  MiiNCH  cited  the  temperature  of  the  star  falls  out  abnormally  high  for  its 
spectral  class.  This  fact  also  explains  the  equality  in  spectral  energy-distribu- 
tion between  a  Aurigcn  and  the  dwarf  star  Groonibridge  884  found  by  W.  S. 
Adams  (Astrophys.  Journ.  39,  p.  92). 

2  J.  Wilsing,  loc.  cit.,  p.  3  2;  Astr.  Nachr.  193,  Nr.  4G2S. 
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type,  wliich  for  the  bright  stars  of  Wilsing,  Scheiner,  and  Munch 
and  of  Rosenberg  may  generally  be  taken  from,  the  detailed  classi- 
fication of  Miss  Maury \  is  of  great  interest,  the  behavior  of  this 
color-equivalent  being  typical  for  all  color-systems.  For  the  helium 
and  hydrogen  stars  the  color  is  tolerably  constant  with  an  indica- 
tion of  a  minimum  for  class  VII,  then  the  color  increases,  i.  e. 
the  temperature  falls,  with  a  successively  increased  gradient  through 
the  types  with  metallic  lines;  in  the  following  types  XVII — XX, 
characterized  by  a  successively  stronger  appearance  of  flutings  in 
the  spectrum,  the  color  becomes  once  more  ahmost  constant.  For 
these  exceedingly  red  stars  the  different  systems  of  temperature 
fairly  well  agree  in  showing  temperatures  between  2200"  and 
3200^ 

In  a  special  class  among  the  investigations  in  celestial  photo- 
metry must  be  placed  the  very  interesting  investigations  by  W.  W. 
CoBLENTZ^  concerning  the  total  energy  of  radiation  of  the  stars. 
By  a  very  sensitive  thermoelectrical  method  he  has  measured  the 
radiation  for  109  bright  stars,  using  the  Grossley  reflector  of  the 
Lick  Observatory.  The  results  have  been  discussed  by  K.  Burns  ^ 
who  has  computed  the  differences  between  the  radiative  magnitudes 
and  the  visual  and  photographic  magnitudes,  thus  forming  two 
new  color-indices,  Rad.-Vis.  and  Had. -Phot.,  which  he  compares 
with  the  spectral  type.  An  application  of  Planck's  law  to  the  values 
of  Rad.-\'is.  and  Rad.-Phot.  leads  to  a  scale  of  temperatures  which 
may  be  brought  into  agreement  with  that  of  AVilsing  and  Scheiner. 
For  the  early  type  stars^  however,  the  inference  to  be  drawn  from 
Rad.-Vis.  and  Rad.-Phot.  is  rather  vague.  For  some  stars  Coblentz 
has  also  measured  the  energy  transmitted  through  a  water  -  cell, 
for  which  the  coefficient  of  transmission  decreases  rapidly  towards 
the  infra  -  red  part  of  the  spectrum.  When  the  laws  of  black 
body  radiation  were  applied  to  the  results  of  these  measurements, 
Burns  found  temperatures  in  good  agreement  with  those  of  Wilsing 
and  Scheiner  for  types  A  5 — M,  but  temperatures  very  much  too 
low  for  the  two  stars  /?  Orionis  and  a  Lyrae  of  the  types  B  8  p 
and  A.  It  is  probable  that  this  discrepancy  is  caused  by  the 
depression    of    the    energy-curves    in  the  ultra-violet  for  hydrogen 


^  Harvard  Annals  28,  part  I. 

-  W.  W.  Coblentz,    Lick    Observatory    Bulletin,   8,  p.  104;    Bulletin  Bur. 
Stand.,    11,  p.  613,  1914, 

^  K.  Burns,  Publ.  of  the  Astron.  Soc.  of  the  Pacific.  Vol.  27,  No.  159,  1915. 
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stars,  this  region  l)eii)g  of  subordinate  importance  for  the  visual 
and  photographic  magnitudes.  Thus  it  seems  to  be  a  too  hasty 
inference  to  draw  the  conclusion  that  the  radiation  of  early  type 
stars  does  not  at  all  follow  Planck's  law.  Another  remarkable 
result  of  the  measurements  of  Coblentz  is,  according  to  Burns, 
that  there  seems  to  be  no  relation  between  the  absolute  total 
energy  of  a  star  and  its  spectral  class.  Further  it  seems  as  if 
individual  stars  may  depart  rather  widely  from  tlie  mean  energy- 
distribution  for  a  class. 

A  photometric  method  which  may  also  be  used  for  determina- 
tions of  color-equivalents  is  the  photo-electric  method  first  applied 
to  stellar  photometry  by  P.  Guthnigk^  The  method  depends  on  the 
plioto-electric  effect  of  certain  metals,  that  is  the  emission,  of  elec- 
trons by  the  influence  of  a  beam  of  light.  Tlie  magnitudes  deri- 
ved in  this  way  liave  very  great  accuracy,  further  different  metals 
may  have  widely  different  maxima  of  sensibility,  and  in  this  way 
color-indices  of  stars  may  be  obtained  by  the  use  of  different  cells. 
The  method  is  of  great  importance,  among  other  things,  for  the 
study  of  the  variability  of  spectroscopic  double  stars.  Stars  of 
this  kind  often  have  a  peculiar  appearance  of  the  spectral  lines; 
the  distribution  of  energy  in  the  spectrum  may  also  be  irregular 
and  variable.  Here  we  have  a  new  quality  of  a  star  which  may 
be  detected  by  color-investigations,  and  to  which  we  must  pay 
attention,  if  it  is  not  to  act  as  a  source  of  error-.  According  to 
GuTHNicK"^  abnormal  color  is  perhaps  a  sure  indication  of  duplicity. 
Above  all  he  suspects  the  c  stars  in  Miss  Maury's  classification  to 
be  spectroscopically  double. 

Spectrophotometric  and  radiometric  investigations  have  only 
been  carried  out  for  some  of  the  brighter  stars,  and  even  if  the 
instruments  are  made  much  more  sensitive^  in  the  case  of  the 
great  majority  of  stars  we  shall  have  to  be  content  with  more 
primitive  color-measurements.  However,  the  most  primitive  and 
natural  of  all,  the  visual  color,  represented  for  instance  in  the 
excellent    catalogues    of  H.  OsTHOFF^  must  also  be  limited  to  the 


1  P.  GuTHNicK,  Astron.  Nachr.  196,  Nr.  4701,  1913.  P.  Guthnick  und  R. 
Prager,    Veroff.   d.  K.  Sternwarte    zu  Berliii—Babelsberg,  Bd.   1,  Heft  1,    1914. 

-  Gf.  the  note  on  a  Auriga^,  page  3. 

5  Astron.  Nachr.   199,  Nr.  4763,  1914. 

^  H.  OsTHOFF,  Astron.  Nachr.  Bd.  153,  Nr.  3657,  1900;  Pubblic.  delta 
Specola  Vaticana,  Serie  II,  Nr.  VIII,  Wien  1916. 
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relatively  bright  stars,  and  is  of  no  great  importance  for  the  study 
of  the  stellar  universe  down  to  faint  magnitudes.  As  a  universal 
color-equivalent  we  have  especially  the  ordinary  color-index,  the 
difference  between  the  photographic  and  visual  or  photo-visual 
magnitude.  Among  the  most  important  works  on  this  subject  are 
those  of  K.  ScHWARZscHiLD^,  J.  Parkhurst^,  and  E.  S.  King^.  For 
the  faint  stars  of  stellar  clusters  color-indices  have  been  deter- 
mined by  H.  Shapley^.  A  modification  of  the  process  is  the  method 
of  exposure-ratios  invented  by  F.  H.  Seares^.  Using  an  ortho- 
chromatic  plate  he  determines  the  times  of  exposure  with  and 
without  a  yellow  screen  which  give  the  same  impression  of  a 
star.     The    ratio  of  these  times  may  be  used   as    color-equivalent. 

Another  method  of  obtaining  color-equivalents  down  to  very 
faint  magnitudes,  on  which  I  have  based  the  empirical  results  of 
this  paper,  is  the  use  of  very  short  grating  spectia,  the  method  of  deter- 
mining photographic  effective  wave-lengths.  This  method  is  deve- 
loped by  E.  Hertzsprung  and  O.  Bergstrand  ^;  it  has  been  found 
that  the  color-equivalent  in  question  is  almost  analogous  to  the 
color-index.  Some  of  the  principal  properties  of  the  effective 
wave-lengths  are  discussed  by  the  writer'^  in  a  recent  paper. 

A  relation  between  stellar  luminosities  and  spectral  intensity- 
distribution  was  at  first  suspected  in  connection  with  the  question 
of  the  existence  of  a  selective  absorption  of  light  in  space.  A 
compilation  of  the  most  prominent  facts  indicating  the  existence  of 
a  change  of  color  in  some  way  connected  with  the  distances  of 
the  stars  has  been  made  by  J.  G.  Kapteyk^.  We  shall  consider 
here    especially    some    investigations  which  compare  the  colors  of 

^  K.  ScHwARZscHiLD,  Abh.  d.  Kgl.  Gesellscli.  d.  Wiss.  in  Gottiiiijen,  Matli.- 
Phys.  Klasse,  N.  F.  Bd.  Vlll.  No.  4. 

-  J.  Parkhurst,  Astrophys.  Journ.  36,  p.   169,   1912. 

^  E.  S.  King,  Harvard  Annals  59,  IV -VI,   19P2. 

•^  H.  Shapley,  Studies  Ijased  on  the  colors  and  magnitudes  in  stellar 
chesters,  Astrophys.  Journ.,  Mt.  Wilson  Contr. 

"  F.  H.  Seares,  Proceedings  of  the  National  Academy  of  Sciences  of  the 
U.  S.  of  America,  %  p.  5^21,  1916. 

**  From  a  methodical  point  of  view  the  most  important  works  are 
0.  Bergstrand,  Nova  Acta  R.  Soc.  Scient.  Upsal.  Ser.  IV,  vol.  2,  No.  4,  1909; 
Gomptes  Rendus  148,  1909;  E.  Hertzsprung,  Piihl,  des  Astrophys.  Obs.  zu 
Potsdam,  Bd.  22,  Nr.  63,   1911. 

^  B.  Lindblad,  Arkiv  for  Mat.,  Astr.  ocli  Fysik,  utgivet  av  K.  Svenska 
Vetenskapsakademien,  Bd.   13,  No.  26,   1918. 

»  J.  C.  Kapteyn,  Astrophys.  Journ.  40,  p.  187,  1914;  Mt.  Wilson  Contr.  No.  83. 
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stars  of  the  same  spectral  type  but  with  vai-yiiit?  distances  and 
absolute  magnitudes.     For  each  star  we  may  put  an  equation 

Observed  colGr-index  -  a  +  b  .  vt  +  c  .  M  +  d  .  A, 

where  m  is  the  apparent,  M  the  al)solute  mai^nitude,  the  latter 
being  defined  as  the  apparent  magnitude  at  a  distance  of  10 
parsec.  A  is  the  distance  of  the  star,  a  is  a  constant  depending 
on  the  spectral  type,  b,  c,  d  coefficients  to  be  determined. 

J.  C.  Kapteyn^  has  used  bright  stars  classified  by  Miss  Maury 
and  Miss  Cannon,  the  (hstances  are  estimated  by  means  of  Kapteyn's 
empirical  formula  with  arguments  apparent  magnitude  and  proper 
motion.  Dropping  the  term  cl/he  gets  (Z  =  +  O'^.OOSl  ±  0.0006  p.  e., 
the  unit  of  distance  being  10  parsec  (3:2. c  light-years).  In  an  ana- 
logous investigation  P.  J.  Van  Rhijn^  uses  the  color-indices  of  the 
Yerkes  Actinometry.  As  a  mean  value  for  all  spectral  classes  he 
finds  d  =  r  0"\0015  ±  0.0003.  This  result  is  ascribed  either  to  an 
absorption  of  light  in  interstellar  space  or  to  the  influence  of  the 
absolute  magnitude  on  the  color.  There  are  indications  that  the 
phenomenon  does  not  exist  for  the  B  and  early  A  stars.  Omitting 
these  spectral  types  Van  Rhijn  finds  for  the  other  d  =  +  0'".00195 
±  0.0003. 

The  material  of  the  Yerkes  Actinometry  has  also  been  treated 
by  ri.  S.  JoNES^;  his  results,  found  by  combining  the  spectral 
classes  B8  to  K5,  are  c=  +  0^.0336  ±  0.0053,  and  d=  +  0"\00473 
±0.00035.  Thus  the  coefficient  d  is  greater  than  Van  RmjN's  value, 
but  is  partly  compensated  by  a  coefficient  c  working  in  the  direc- 
tion to  make  the  more  luminous  stars  bluer  than  the  fainter  ones. 
Different  values  of  the  coefficients  c  and  d  have  been  derived  by 
E.  S.  King*  from  carefully  determined  color-indices  for  28  stars 
with  known  parallaxes  between  the  spectral  types  A  5  and  K  5. 
His  result  was  c  = -0'".0254  ±  0.0030,  (/=+ 0'^\0 189  ±  0.0065.  The 
coefficient  d  is  much  gi-eatei-  than  in  the  previous  authors;  c  in- 
dicates that  the  more  luminous  stars  are  more  red  than  the  faint 
ones.  We  must  conclude  that  in  comparing  stars  of  the  same 
spectral    type    and    of  the  same  apparent  magnitude  the  effect  of 


1  Astrophys.  Jouni.  30,  p.  284,   1909;  Mt.  Wilson  Gontr.  No.   4>2. 
'^  P.   J.    Van   Rhijx.    hiaugural  dissertation,  Groningen  1915;  Summary  in 
Astioph.  Journ.  43,  p.  3G;  Mt.  Wilson  Coiitr.  No.   110. 

^  H.  S.  Jones,  Monthly  Notices  of  the  Fioyal  Astron.  Soc,  Vol.  75,  p.  4;  PJ15. 
*  E.  S.  King,  Harvard  Annals  76,  N:o.   1,   PJ16. 
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distance  involved  in  the  two  coefficients  c  and  d  increases  con- 
siderably from  the  early  A  stars  to  the  later  types.  However, 
the  distribution  of  the  effect  between  the  two  causes  absolute  mag- 
nitude and  distance  must  be  considered  very  uncertain  on  account 
of  the  questionable  validity  of  the  supposition  that  the  former 
part  of  the  effect  is  a  linear  function  of  the  absolute  magnitude, 
which  is  the  supposition  involved  in  the  term  cM  of  the  above 
equation. 

A  new  view  of  the  matter  was  brought  forward  in  connection 
with  the  spectroscopic  method  of  determining  stellar  parallaxes. 
W.  S.  Adams ^  had  previously  compared  pairs  of  stars  of  the  same 
spectral  types  but  of  widely  different  proper  motions,  and  had 
found  the  more  distant  stars  relatively  weaker  in  tlie  violet;  here 
Adams  seems  to  assume  a  real  effect  of  distance.  In  the  work  of 
W.  S.  Adams  and  A.  Kohlschutter  ^,  however,  the  effect  in  ques- 
tion is  taken  up  as  a  probable  criterion  of  different  absolute  mag- 
nitudes.    In    this   direction    the    work    of   Adams    is  continued  by 

G.   S.    MONK^ 

Using  the  parallaxes  of  W.  S.  Adams  and  A.  H.  Joy*,  and  his 
own  method  of  color-research  F.  H.  Seares^  has  shown  that  the 
giants  and  the  dwarfs  define  different  color-series  for  the  late  type 
stars.  The  same  fact  was  also  found  by  the  writer^,  using  as 
color-equivalent  the  effective  wave-length.  That  the  effect  w^as  to 
be  found  also  in  the  visual  estimates  of  color  was  discovered  by 
the  writer  in  the  same  work,  combining  the  colors  of  Osthoff's 
first  catalogue  with  the  compilation  of  stellar  parallaxes  given  by 
0.  R.  Walkey^. 

From  Osthoff's  colors  I  found  for  the  spectral  types  F5 — 
KO  c-  -C^  At,  corresponding  to  —  0°\053  in  the  color-index.  From 


1  W.    S.   Adams,    Astrophys.    Joiini.    39,    p.  89,  1914;    Mt.    Wilson    Contr. 
No.  78. 

'^  W.  S.  Adams  and  A.  KoHLscHdTTER,  Astrophys.  Journ.  40.  p.  385,  1914 
Mt.  Wilson  Contr.  No.  89. 

2  G.    S.    Monk,    Astrophys.    Journ.    44,    p.    45,   1916;    Mt.    Wilson    Contr. 
No.  119. 

*  W.    S.    Adams    and    A.  H.  Joy,  Astrophys.  Journ.  46,  p.  313,   1917;  Mt. 
Wilson  Contr.  No.   142. 

^  F.  H.  Seares,  Publ.  of  the  Astron.  Soc.  of  the  Pacific,  30,  p.  122,  1918. 

^    B.    LlNDBLAD,    loC.    cit. 

^  0.  R.  Walkey,  The   Journal  of  the  British  Astron.   Assoc.  Appendix  to 
Vol.  27,   1917. 
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the  effective  wave-lengths  for  26  stars  from  the  catalogue  of  Adams 
and  Joy  1  found  for  the  types  G  0  to  K  5  c  =  —  O/'^OS,  correspon- 
ding to  -0'^.052  in  tlie  color-index.  At  the  same  time  reference 
was  made  to  E.  Hertzsprung's^  results  for  the  distribution  of  in- 
tensity in  the  spectrum  of  the  globular  cluster  M.  8,  and  to  the 
results  of  K.  Liindmark  and  B.  Lindblad^  for  the  effective  wave- 
lengths of  some  spiral  nebulce  and  globular  clusters.  It  was  found 
in  these  works  that  in  the  photographic  region  the  distribution  of 
intensity  corresponded  to  the  spectral  lines,  if  the  relations  found 
for  fixed  stars  were  used.  Tlie  coefficient  d  thus  ought  to  be 
vanishingly  small  owing  to  the  immense  probable  distances  of  the 
objects  in  question.  The  investigations  of  H.  Shapley  on  the  color- 
indices  and  distances  of  stars  in  globular  clusters  must  lead  us 
in  the  same  direction;  Shapley  has  been  able  to  assign  a  superior 
limit  to  the  coefficient  in  question,  he  finds ^ 

d  <  0"^. 00002, 

a  value  about  a  hundredth  of  that  derived  by  Van  Rhijn.  A  still 
smaller  superior  limit  of  d  may  be  derived  from  new  results  with 
regard  to  the  effective  wave-lengths  of  spiral  nebulae  by  Lundmark 
and  LiNDBLAD*.  Using  the  estimate  of  the  distance  of  the  great 
nebula  in  Andromeda  given  by  Lundmark^ 

Ji  -  0".0000057 

and  considering  the  spectral  type  and  effective  wave-length  of  the 
object,  we  may  put 

d  <  0^^^000002. 

The  change  of  color-index  observed  in  diff'ei-ent  spectral  classes 
thus  being  referred  to  differences  in  the  absolute  magnitudes,  the 
question  arises  as  to  the  cause  of  this  effect.  It  is  probable  that 
the  presence  of  certain  elements  in  the  atmosphere  of  a  star,  i.  e. 


^  E.  Hertzsprunc,  Astrophys.  Joiirn.  41.  p.   10.   1915. 

^  K.  Lundmark  and  B.  Lindblad,  Astron.  Nachr.  205,  Nr.  4907;  Astrophy.s. 
Journ.  46,  p.  206,  1917. 

2  H.  Shapley,  Astrophys.  Jouni.  49,  p.  25o:  Mt.  Wilson  Cuntr.  No.  156, 
p.  5,  1918. 

^  K.  Lundmark  and  B.  Lindblad.  Astrophys.  Journ.  50,  p.  376.  1919. 

^  K.  Lundmark.  Kungl.  Svenska  Veteiiskapsakademiens  Haiidlingar.  Bd.  60. 
No.  8;     Preliminary  notice  in  Astron.  Nachr.  Bd.  20«,  Nr.  5016,  1919. 
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the  appearance  of  the  corresponding  characteristic  lines  in  the 
spectrum,  is  intimately  connected  with  the  conditions  of  tempera- 
ture and  pressure  in  these  atmospheres.  If  we  make  the  hypo- 
thesis that  each  spectial  lype  defines  equal  temperatures  of  the 
stellar  photospheres,  then  the  differences  in  color  between  giants 
and  dwarfs  must  be  ascribed  to  the  infkience  of  the  enveloping 
cooler  layers.  It  seems  pi-obable  that  at  least  a  part  of  the  effect 
is  caused  by  a  selective  scattering  or  absorption  anologous  to  that 
producing  the  depression  of  the  solar  energy-curve  in  the  violet 
region,  but  strongly  increased  in  the  vast  atmospheres  of  the 
giants.  If  here  the  oi)eralive  cause  is  a  scattering  following  Lord 
Rayleigh's  law,  by  which  the  coefficient  of  scattering  is  inversely 
proportional  lo  the  fourth  power  of  the  wave-length,  the  effect  is 
strongly  selective  and  the  deformation  of  the  energy-cuive  dif- 
ferent from  that  caused  by  a  change  of  temperature.  It  is  prob- 
able, however,  that  the  depression  in  the  violet  is  due  to  a  con- 
siderable extent  to  the  crowding  of  absorption  lines  in  that  region. 
In  this  case  the  effect  may  be  still  more  selective,  and  the  average 
coefficient  of  extinction  may  follow  a  much  liigher  power  of  the 
reciprocal  wave-length  than  the  fourtli.  On  the  other  hand  the 
persistency  of  the  absolute  magnitude  effect  in  the  visual  region 
of  the  spectrum  may  indicate  that  the  effect  is  a  complicated  one, 
and  that  we  have  also  to  deal  with  a  real  change  of  the  effective 
temperature,  working  through  the  whole  spectrum. 

But  in  this  way  it  may  be  possible,  by  examining  the  energy- 
curve  in  different  regions,  to  discriminate  between  the  effects  of 
the  two  variables,  spectral  type  and  luminosity.  The  color-in- 
vestigation ought  then  probably  to  be  extended  as  far  as  possible 
in  the  ultra-violet  region. 

This  principle  I  have  tried  to  realize  by  means  of  the  short 
grating-spectra  by  introducing  a  new  color-equivalent,  the  mini- 
num  wave-length  y^min,  which  may  be  easily  measured  in  combi- 
nation with  the  previously  mentioned  effective  wave-length  X^  . 
This  minimum  wave-length  simply  defines  the  inner  limit  of  the 
photographic  grating-spectrum,  a  limit  which  is  geneially  sharp 
and  well  defined;  it  is  detci-mined  by  measuring  the  minimum 
distance  between  the  two  symmetrical  spectra  of  the  first  order. 
The  main  properties  of  the  new  color-equivalent  are  discussed  by 
the    writer  in    a    recent   notice  ^  and  will  be  further  discussed  in 

^  B.  LhNDULAD,  Astiophys.  Jourii.  4U,  p.  '289,  lUlU. 
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the  latter  part  of  this  paper.  At  least  a  rough  discrimination 
between  giants  and  dwarfs  seems  possible  by  means  of  ic  and 
^min  without  auj  reference  to  the  spectral  lines. 

The  question  of  the  variation  of  color  with  the  stellar  lumi- 
nosity has  obtained  a  very  valuable  contribution  in  the  recent 
work  of  F.  H.  Seares^  Using  the  method  of  exposure-ratios  he 
has  determined  the  effect  for  the  spectral  chisses  B  5  to  M.  For 
the  class  A  5  and  the  giants  of  type  F  5  the  effect  is  shown  to 
w^ork  in  a  direction  opposite  to  the  usual  one,  the  less  luminous 
stars  being  found  the  redder  ones.  Here  we  have  a  cause  which 
may  explain  the  different  values  of  the  coefficient  c  derived  by 
H.  S.  Jones  and  E.  S.  King.  For  G  and  K  stars  the  effect  seems 
to  increase  with  the  luminosity  more  rapidly  than  is  indicated  by 
the  term  c  M  in  Kapteyn's  formula,  a  fact  which  may  explain  the 
large  positive  value  of  the  coefficient  d  found  by  King.  For  the 
type  M  no  perceptible  difference  between  giants  and  dwarfs  is 
found.  In  the  appearance  of  the  grating-spectra,  however,  there 
is  a  very  marked  difference,  which  shows  that  the  effective  wave- 
length and  the  exposure-ratio  do  not  correspond  perfectly  to  each 
other,  the  ultra-violet  part  of  the  spectrum  playing  a  more  im- 
portant role  for  the  former  color-equivalent.  At  last  Seares  suggests 
the  possibility  that  by  determining  two  color-indices  from  different 
regions  we  might  determine  simultaneously  spectral  type  and 
luminosity. 

These  are  in  brief  some  important  facts  from  which  the  pre- 
.sent  investigation  has  to  start.  We  are  to  consider  from  a  more 
theoretical  point  of  view  the  solar  radiation  and  its  energy-curve 
and  try  to  apply  our  results  to  the  spectrophotometry  of  the  stars, 
in  order  to  get  a  more  clear  view  of  the  way  in  which  the  photo- 
spheric  temperature  and  the  dimensions  of  a  star  are  shown  in  the 
spectral  distribution  of  energy.  The  re.sults  of  this  investigation 
will  be  compared  with  new  observations,  made  with  partly  im- 
proved instrumental  means,  as  to  the  two  color-equivalents  of  the 
grating-spectra.  The  results  of  the  first  part  of  the  investigation 
will,  of  course,  also  be  applicable  to  another  choice  of  color- 
equivalents. 


^  F.    H.    Seares,  Proc.  of  the  NaLioiial  Academy  of  Sciences  of  the  U.  S. 
of  America,  Vol.  5,  No.  7,    1U19. 


I.     Solar  radiation. 

1.    Principal  properties  of  solar  radiation.    Theories 
as  to  the  constitution  of  the  photosphere. 

The  main  feaiures  of  the  solar  energy-curve  have  been  men- 
tioned in  the  introduction;  we  have  now  to  decide  how  these 
characteristic  properties  are  related  to  olher  cjualifies  of  the  solar 
radiation.  The  sun  is  the  only  star  foi-  which  we  may  in 
a  certain  sense  analyze  the  radiation  by  examining  different  points 
of  the  radiating  di.sk.  The  distribution  of  the  total  energy  over 
different  zones  of  the  apparent  solar  disk  has  been  determined  ])y 
Segchi,  Vogel,  Laxgley,  Frost;  as  to  the  di.stribulion  of  intensity  for 
different  wave-lengths  results  have  been  obtained  by  Vogel,  Very, 
Abbot  and  Fowle,  Sghwarzsghild  and  Villiger.  The  most  impor- 
tant results  are  without  doubt  those  of  C.  G.  Abbot,  F.  E.  Fowle, 
and  L.  B.  Aldrigh\  they  comprise  measurements  for  a  great 
number  of  wave-lengths  betweeti  ^  0.386  /t  and  I  2.097  fi,  and  are 
completed  by  the  investigation  of  K.  ScHWARzsGmLD  and  W.  Villiger^ 
for  the  wave-length  0.323  i-i.  For  all  wave-lengths  there  is  a 
succes.sive  decrease  of  the  intensity,  when  we  go  from  the  center 
to  tlie  limb,  the  decrease  being  very  marked  for  the  short  wave- 
lengths,   and    diminishing  continually  for  the  longer  wave-lengths. 

Important  conclusions  as  to  conditions  of  the  radiation  of  the 
sun  may  also  be  drawn  from  the  appearance  of  the  Fraunhofer 
lines  on  the  different  parts  of  the  solar  disk.  Here  the  most  re- 
markable fact  is  the  great  agreement  between  the  center  and  the 
limb,  a  fact  that  cannot  be  understood  if  we  assume  the  lines  to  be 
formed  by  real  absorption  in  a  perfect;ly  dark  atmosphere.  In  such 
a  case  the  lines  ought  to  be  much  wider  and  deeper  at  the  limb. 
Some  differences,  however,  have  been  established.  G.  E.  Hale  and 

^  C.  G.  Abbot,  F.  E.  Fowle,  L.  B.  Aldrioh,  Annals  of  the  Astrophys. 
Obs.  of  tlie  Smithsonan  Inst.,  Vol.  Ill,  p.   154,   1913. 

'  K.  Sghwarzsghild   and  W.  Villiger,  Astrophys.  Journ.  23,  p.  284,  1906. 
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W.  S.  Adams ^  have  found  three  especially  characteristic  features, 
which  have  been  summed  up  by  Adams^  in  the  following  way.  »First, 
the  great  weakening,  and  in  some  cases  the  complete  disappear- 
ance of  the  wings  shown  by  many  of  the  lines  near  the  center 
of  the  sun.  Second  a  slight  widening,  which  is  characteristic  of  prac- 
tically all  of  the  lines  in  the  spectrum,  accompanied  in  most  cases 
by  a  decided  modification  of  their  energy-curves.  Tiiird,  a  streng- 
thening and  weakening  of  the  lines  which  in  general  closely  corre- 
sponds to  that  found  in  sun-spots3>.  There  is  a  decided  weaken- 
ing of  the  enhanced  lines,  especially  in  the  violet  and  ultra-violet 
region. 

At  the  same  time  there  are  also  small  displacements  of  the 
lines  when  we  go  from  the  center  to  the  limb,  as  well  as  small 
changes  of  the  wave-lengths  of  lines  at  the  solar  center  relative 
to  terrestrial  sources  of  light,  for  instance  the  arc  spectrum. 
According  to  W.  S.  Adams'^  there  is  generally  a  displacement  to 
the  red  at  the  limb  relative  to  the  center;  the  displacements  at 
the  center  also  generally  take  place  in  this  direction.  Probably 
Ave  have  here  a  combination  of  Doppler  effect  and  pressure-shift. 
The  pressure  in  the  reversing  layer  has  been  estimated  by  Jewell, 
MoHLER  and  Humphreys''  and  by  Fabry  and  Buisson^;  they  found  pres- 
sures of  about  5  atm.  By  comparing  the  solar  displacements  for 
lines  with  great  and  small  pressure-shifts  J.  Evershed  and  T. 
RoYDS^  find  pressures  of  about  ^U  atm.  for  iron,  nickel  and  tita- 
nium. W.  FI.  Julius^  tries  to  interpret  the  displacements  as  being 
due  to  a  great  extent  to  the  anomalous  dispersion;  he  considers 
the  Fraunhofer  lines  to  be  formed  mainly  by  anomalous  scattering 
and  refraction.  One  consequence  of  this  ought  to  be  a  mutual  in- 
fluence, a  slight  repulsion,  between  the  components  of  very  narrow 
pairs  of  lines.    S.  Albreght^  suggests  that  he  has  found  an  effect 

1  G.  E.  Hale  and  W.  S.  Adams,  Astrophys.  Journ.  25,  p.  300,  1907;  Mt. 
Wilson  Contr.  No.  17. 

2  Astrophys.  Journ.  31,  p.  30,  1910;  Mt  Wilson  Contr.  No.  43. 
^  W.  S.  Adams,  loc.  cit. 

^  L.  E.  Jewell,  J.  F.  Mohler  and  W.  J.  Humphreys,  Astrophys.  Journ.  3, 
p.   138,  189G. 

5  Ch.  Fabry  and  H.  Buisson,  Astrophys.  Journ.  31,  p.  97,   1910. 

«  J.  Evershed  and  T.  Royds,  Kodaikanal  Bulletins  No.  39,  1914,  T.  Royds, 
Kodaikanal  Bulletins  No.  53,  1916. 

7  See  for  inst.  W.  H.  Julius,  Astrophys.  Journ.  31,  p.  419,  1910. 

8  S.  Albhecht,  Astrophys.  Journ.  41,  p.  333,  1915:  44,  p.  1,  1916. 
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of  this  sort;  his  results,  however,  are  criticized  by  Ch.  E.  St.  John^, 
who  states  that  no  perceptible  influence  of  this  kind  can  be  detected. 
At  the  same  time  he  points  out  the  inconsistency  of  the  previous 
estimates  of  pressure  in  the  reversing  layer  with  the  actual  dis- 
placements of  various  sorts  of  lines.  This  shows  us  the  great 
difficulty  in  intei-preting  the  matters  in  question,  and  it  is  evident 
that  for  the  present  no  certain  inference  as  to  tlie  pressure  of  the 
reversing  layer  can  be  drawn  from  the  observed  data. 

We  may  try  to  bring  tlie  facts  mentioned  about  the  intensity 
fall  along  the  apparent  solar  radius  into  accordance  with  Young's 
opinion  that  the  photosphere  of  the  sun  is  a  real  surface,  caused 
by  a  condensation  of  certain  elements  into  cloud-like  formations, 
enveloped  by  a  cooler,  absorbing  atmosphere.  In  this  way  we 
may  try  to  determine  the  coefficient  of  transmission  of  the  solar 
atmosphere  for  difTerent  wave-lengths,  starting  from  the  values  of 
the  distribution  of  intensity  over  the  solar  disk.  We  find,  however, 
successively  increased  values  of  the  coefficients  when  we  go  from 
tlie  center  towards  the  edge;  as  explanations  of  this  fact  sevei'al 
causes  have  been  suggested.  H.  v.  Seeliger^ introduces  comparatively 
strong  indices  of  refraction,  increasing  for  the  short  wave-lengths, 
in  the  atmospheric  layers  of  the  sun,  F.  Very^  suggests  several 
explanations,  among  others  that  the  absorbing  envelope  may  have 
a  depth  which  cannot  be  considered  very  small  compared  with 
the  solar  radius.  A.  Schuster S  however,  shows  that  the  apparent 
change  of  the  coefficient  of  transmission  may  be  most  simply  ex- 
plained by  the  assumption  that  the  gaseous  envelope  has  a  radia- 
tion of  its  own,  which  adds  to  the  primary  photospheric  radiation. 
In  this  direction  the  discussion  of  the  subject  must  undoubtedly 
lead  us.  If  there  is  a  real  absorption  in  the  atmosphere,  the 
emission  must  be  a  radiation  of  temperature;  if  we  suppose 
an  extinction  due  to  scattering,  we  must  pay  attention  to  the 
gains  of  the  beam  of  light  by  some  of  the  light  scattered  in  all 
parts  of  the  atmosphere.     In  the  former  case  the  name  of  photo- 


^  Cli.  E.  St.  John.  Astrophys.  Journ.  44,  p.  311,  191G. 

2  H.  V.  Seeliger,  Sitzungsber.  der  K.  Bayer.  Akademie  der  Wi.ss.  Math. 
Phy.s.  Kl.,  21,  p.  247,  1891. 

^  F.  Very,  Misc.  Scieiit.  Papers  of  the  Alleghany  Obs.,  New  Series,  No.  9; 
Astrophys.  Journ.  16,  p.  73,  1902. 

"  A.  Schuster,  Astrophys.  Journ.   IG.  p.  320.  1902. 
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spliere  for  a  certain  layer  becomes  a  somewhat  fictitious  one,  and 
we  have  left  the  supposition  of  the  cool  atmosphere. 

Because  of  experiences  gained  at  the  annular  eclipse  of  April  17, 
1912  W.  H.  Julius*  now  comes  to  the  conclusion  that  the  decrease 
of  briofhtness  from  the  center  towards  the  limb  cannot  be  ascribed 
to  absorption  or  scattering  in  an  atmosphere  enveloping  a  body 
that  would  otherwise  appear  uniforndy  luminous.  He  finds  tliat 
the    total    amount    of  light  radiated  and  scattei'ed  from  the  entire 

solar  atmosphere  is  a  very  small  fraction  (about  ttttttJ  of  the  solar 

output.  The  cause  of  the  intensity  fall  must  tlius  be  sought  for 
in  the  photosphere  itself.  In  a  subsequent  paper-  Julius  tries 
to  give  an  explanation  in  this  direction. 

These  are  some  causes  which  may  lead  us  to  favour  a  view 
of  the  solai-  constitution  given  by  Abbot  in  his  monograph  »The 
Sun»,  in  which  he  does  not  accept  the  condensation  theory  of 
the  photosphere,  but  assumes  a  continually  increasing  density  of 
purely  gaseous  matter  starting  from  the  thin  extreme  vapors.  We 
must  assume  that  the  distinct  boundary  shown  by  the  solar  limb 
is  due  to  a  rapid  increase  of  density  at  a  certain  point  of  the 
radiu.s,  leading  to  a  very  strong  increase  of  the  molecular  scatter- 
ing, the  absorption,  and  the  radiative  power  of  the  vapors.  If 
the  density  gradient  is  sufficiently  great,  for  observers  on  the 
earth  the  sun  will  show  a  sharp  boundary  like  that  of  a  solid 
radiating  sphere.  In  this  way  we  may  still  use  the  name  of  photo- 
sphere, but  as  a  common  name  for  those  layers  which  contribute 
most  effectively  to  the  radiation.  At  all  events,  the  transition 
from  photosphere  to  atmosphere  becomes  rather  vague  and  hard 
to  define.  Schmidt's  theory,  according  to  which  the  sharp  solar 
limb  is  an  optical  illusion  due  to  the  refraction  of  the  rays  in  the 
solar  gases,  must  be  rejected  as  soon  as  we  admit  an  appreciable 
general  absorption  or  scattering. 

The  direct  consequence  of  Abbot's  point  of  view  must  be 
that  we  look  into  deeper  and  hotter  layers  in  the  direction  of  the 
sun's  center  than  near  the  limb;  the  decrease  of  intensity  along 
the  apparent  radius  is  thus  easily  understood.  The  theory  will 
also    have   certain  consequences  for  the  energy-curve  of  the  sun's 


1  W.  H.  JuLiu-s,  Astrophy.s.  Journ.  37,  p.  225,  1913. 

2  Astrophys.  Journ.  38,  p.  129,  1913. 
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center;  we  have,  in  fact,  a  melting  together  of  several  curves  of 
different  tempei-atures,  corresponding  to  layers  of  different  depths. 
If  there  is,  for  instance,  a  strong  selective  extinction,  increasing 
for  the  short  wave-lengths,  the  violet  light  will  have  a  tendency 
to  come  from  layers  higher  and  cooler  than  the  red  light;  the 
consequence  must  be  a  distortion  of  the  energy-curve  from  that 
of  the  black  body. 

J.  Wilsing's^  theory  may  be  considered  as  a  mediative  position 
between  those  of  Young  and  Abbot.  He  retains  the  hypothesis 
of  the  cloudy  photosphere,  but  ascribes  no  perceptible  general 
absorption  or  scattering  to  the  overlying  atmosphere.  The  inten- 
sity fall  along  the  apparent  radius  is  explained  in  exactly  the 
same  way  as  in  Abbot's  theory;  it  is,  in  fact,  the  explanation 
suggested  by  S.  Arrhenius''*.  The  »mean»  temperature  of  the 
radiation  must  decrease  with  increasing  distance  from  the  center 
of  the  disk,  that  is  with  an  increasing  angle  of  incidence  of  the 
line  of  sight.  At  the  limb  the  »mean*  temperature  must  be  the 
same  as  the  true  temperature  of  the  photospheric  surface. 

The  most  important  attempts  to  give  a  mathematical  treat- 
ment of  the  conditions  prevailing  in  the  photospheric  and  atmo- 
spheric layers  of  the  sun  have  been  made  by  A.  Schuster  and  K. 
Sghwarzsghild.  The  former^  puts  the  problem  of  determining  how 
the  radiation  from  a  plane  surface  is  altered  in  passing  through 
a  »foggy»  atmosphere,  i.  e.  an  atmosphere  which  in  addition  to 
a  real  absorption  also  produces  a  scattering  of  the  light.  Schuster 
does  not  consider  different  angles  of  inclination  of  the  rays,  and  he 
solves  the  differential  equations  of  the  radiation  for  the  two  assump- 
tions that  the  power  of  emission  of  the  atmosphere  is  constant 
through  all  its  height,  and  that  it  varies  uniformly  with  the  height. 
In  the  applications  to  the  sun  and  the  stars  Schuster  assumes  that 
the  continuous  spectrum  is  affected  only  by  scattering,  the  Fraun- 
hofer  lines  only  by  absorption.  The  appearance  of  bright  and 
dark  lines  in  the  spectrum  is  related  to  the  ratio  of  the  coeffi- 
cients of  absorption  and  scattering  and  to  the  intensity  or  the 
intensity  gradient  of  the  atmospheric  radiation. 

Sghwarzsghild*  has  started  from  somewhat  different  assump- 

^  J.  WiLsiNG,  Publ.  des  Astrophys.  Obs.  zu  Potsdam,  Bd.  23,  Nr.  72,  p.  30. 

*  S.  Arbhenius,  Lehrbuch  der  kosmischen  Physik,  I,  p.  92.  1903. 
^  A.  Schuster,  Astrophys.  Journ.  21,  p.   1,  1905. 

*  K.  Sghwarzsghild,  Nachrichten  von  der  K.  Gesellschaft  der  Wiss.  zu 
Gottingen,  Mathem.-phys.  Kl.,  1906,  p.  41. 
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tions  in  developing  the  theory  of  radiative  equihbrium.  He  assumes 
a  continuous  increase  of  density  and  temperature  for  the  successive 
layers  of  the  solar  envelope;  further  he  assumes  in  the  same  way  as 
Schuster  that  the  radiation  follows  Kirchhoff's  law,  i.  e.  that  Ave  are 
concerned  with  a  pure  radiation  of  temperature.  The  scattering  is 
disregarded,  and  a  common  coefficient  of  absorption  for  all  wave- 
lengths, proportional  to  the  density,  is  assumed.  The  layers  of 
equal  density  are  assumed  to  be  parallel,  and  the  gravitation  is 
supposed  to  be  constant  through  all  heights.  ScHvvARZscmLD  now 
puts  the  question  as  to  what  temperatures  are  to  be  ascribed  to 
the  different  layers,  if  the  immense  out-flow  of  energy  passes 
through  the  solar  atmosphere  without  changing  the  conditions  of 
the  separate  layers,  their  temperatures  and  densities.  This  state 
is  called  radiative  equilibrium.  Using  Stefan-Boltzmann's  law  for 
the  integral  radiation,  Sghwarzsghild  finds  for  the  temperature  t 
of  a  layer  with  pressure  p^ 

where  T  is  the  effective  solar  terrjperature,  g  the  acceleration  of 
gravity.  The  coefficient  of  absorption  is  assumed  to  be  q  .  Ic, 
where  q  is  the  density. 

At  the  limit  of  the  atmosphere,  2^  =  0,  we  get  the  temperature 

If  T  =  6000^  T  comes  out  as  5050".  The  extent  of  the  at- 
mosphere is  theoretically  unlimited.  The  temperature  as  a  func- 
tion of  the  depth  of  a  layer  is  given  by  integration  of  the  equation 

dp      M  Q  -n 
—  =  ^  ~  dh  , 
p       U   t 

where  M  is  the  molecular  weight,  Pi  the  universal  gas  constant. 
If  the  solar  atmosphere  were  made  up  of  ordinary  air,  an  increase 
of  density  in  the  proportion  0.02  to  159.4  would  be  caused  by  a 
difference  in  depth  of  93  km.  Because  at  the  distance  of  the  sun 
725  km.  corresponds  to  one  second  of  arc,  it  is  evident  that  the 
apparent  boundary  of  the  sun  must  be  perfectly  sharp. 

B.  Lindblad:    Continuous  spectra  of  the  sun  and  the  fixed  stars.  2 
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After  having  proved  that  the  radiative  equilibrium  is  stable 
for  all  gases  Avith  one,  two  or  three  atoms  in  the  molecule,  Sghwarz- 
scHiLD  applies  the  theory  to  the  distribution  of  intensity  on  the 
solar  disk.  If  F{i)  is  the  radiation  in  a  direction  which  makes 
an  angle  i  with  the  vertical,  ScHWARZscmLD  finds 

T^,..       1+2  cos  i 

FW  =  — ^ — . 

This  expression  is  in  much  better  agreement  with  the  obser- 
vations than  that  deduced  on  the  assumption  of  adiabatic  equi- 
librium. 

An  investigation  which  has  some  features  in  common  with 
ScHWARZscHiLD^s  paper  referred  to  above  has  been  carried  out  by 
E.  Opik^  He  assumes  a  linear  relation  between  t  and  m,  and 
applies  the  principle  of  equilibrium  of  radiation  to  the  surface 
layer  of  the  photosphere.  Formulae  are  developed  giving  the  in- 
tensity distribution  along  the  radius  of  the  solar  disk  for  the  inte- 
gral radiation  as  well  as  for  the  separate  wave-lengths. 

The  theory  of  radiative  equilibrium  has  recently  been  applied 
to  the  conditions  of  the  interior  of  a  star  by  A.  S.  Eddington^ 
and  J.  H.  Jeans  ^. 

In  a  later  paper ^  ScHWARzscmLD  has  dealt  with  the  conditions 
of  the  solar  atmosphere,  introducing  both  absorption  and  scatter- 
ing. The  formulation  of  the  problem  is  the  same  as  in  Schuster's 
investigation;  the  radiation  from  a  black  plane  surface  is  assumed 
to  travel  through  a  foggy  atmosphere,  but  Sghwarzsghild  con- 
siders rays  of  different  inclinations.  The  differential  equations 
of  the  radiation  lead  to  an  integral  equation  of  a  rather  compli- 
cated appearance.  For  the  special  case  when  the  coefficient  of 
scattering  is  zero  the  solution  is  given  immediately.  We  assume 
with  Sghwarzsghild  that  the  emissive  power  E{x)  of  a  black 
body  at  the  same  temperature  as  a  layer  of  depth  x  below  the 
upper  surface  of  the  atmosphere  is  given  by 

E{x)  =a  +  bx  , 


:  E.  Opik,  Astron.  Nachr.  198,  Nr.  47.S2,  1914. 

2  A.  S.  Eddington,  Monthly  Notices  77,  p.  16,  1916. 

3  J,  H.  Jeans,  Monthly  Notices  78,  pp.  28,  36,  1917. 

*  K.  ScHWABZscHiLD,    Sitzungsbcrichte  der  K.  Preuss.  Akademie  der  Wiss. 
1914,  p.  1183. 
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where  a  and  h  are  constants.  If  the  height  H  of  the  atmos- 
phere and  the  coefficient  of  absorption  a  are  sufficiently  great,  in 
order  that  the  quantity  c''^"  will  be  small,  we  get  for  the  remain- 
ing radiation  making  an  angle  i  with  the  vertical 

})  {{)  =  a  -\-  —  cos  i  . 

For  the  other  special  case  when  the  coefficient  of  absorption 
is  zero,  we  get  for  sufficiently  great  values  of  oH,  g  being  the 
coefficient  of  scattering,  approximately 

,  . ..       0.5  +  cos  i 
^  ^         1  +  gH 

Now  ScHWARzscmLD  applies  these  results  to  the  portion  of 
the  spectrum  around  one  of  the  Fraunhofer  lines.  In  the  first 
case  the  line  must  vanish  when  we  approach  the  solar  limb,  that 
is  when  cos  i  becomes  zero;  in  the  second  case  both  the  con- 
tinuous spectrum  and  the  Fraunhofer  line  are  reduced  in  intensity 
in  the  proportion   1  :  3  at  the  limb  relative  to  the  center. 

The  persistency  of  the  Fraunhofer  lines  at  the  limb,  which 
ScHWARZscHiLD  examines  by  photometric  investigation  for  the  lines 
H  and  K,  seems  to  favour  the  latter  point  of  view.  The  law  for 
the  decrease  of  intensity  found  here  is  exactly  the  same  as  the 
function  F(i)  deduced  on  the  assumption  of  radiative  equilibrium, 
and  fits  rather  well  for  the  integral  radiation.  The  different  be- 
havior of  separate  wave-lengths,  however,  is  not  accounted  for 
by  the  theory  of  scattering. 

It  is  evident  that  the  results  of  Schuster  and  those  ofScHWARZ- 
scmLD's  later  paper,  referred  to  above,  may  be  applied  to  the  cloudy 
theory  of  the  solar  photosphere,  but  are,  of  course,  also  useful  for 
Abbot's  theory.  The  agreement  with  Abbot's  opinions  is  especially 
great  with  regard  to  the  importance  of  the  scattering  of  light.  Abbot 
assumes  that  the  radiation  coming  from  and  traversing  successive 
gaseous  layers  is  strongly  scattered  by  the  vapors  according  to 
Rayleigh's  law,  and  that  it  is  this  scattering  that  limits  our  view 
in  the  direction  of  the  sun's  center  and  also  gives  rise  to  the 
characteristic  distribution  of  energy  over  the  solar  disk. 

It  seems,  however,  as  if  this  point  of  view  were  not  entirely 
tenable,  even  if  we  can  explain  in  some  way  the  different  speed 
of  the  intensity-fall  along  the  apparent  radius  for  different  wave- 
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lengths.  It  is  quite  evident  that  if  we  assume  the  solar  radiation 
to  be  a  radiation  of  temperature,  the  absorption  of  the  rays  in 
the  solar  vapors  must  be  of  predominant  importance.  The  solar 
energy-curve  may  be  roughly  represented  as  that  of  a  high- 
temperated  black  body,  thus  according  to  Kirchhoff's  law  the 
total  power  of  absorption  of  those  layers  from  which  the  radiation 
that  reaches  us  is  emitted  approximates  to  unity.  Now  there  is 
probably  a  rather  strong  scattering  in  the  solar  vapors,  and  con- 
sequently at  all  events  those  layers  can  only  form  a  thin  shell 
compared  with  the  whole  body  of  the  sun.  But  then  it  follows 
that  the  coefficient  of  absorption  of  the  solar  gases  must  also  be 
rather  large,  at  least  that  it  cannot  be  neglected  by  the  side  of 
the  coefficient  of  scattering  in  the  treatment  of  the  problem.  We 
may  therefore  conclude  that  the  results  in  Sghwarzschild's  first  paper 
involve  a  considerable  approxiniation  to  the  truth.  An  obvious 
fact  to  which  w^e  may  call  attention  in  this  connection  is  that  a 
scattering  of  light  is  equivalent  to  an  equilibrium  of  radiation, 
not  only  for  the  integral  radiation  as  in  the  case  of  Schwarzsghild, 
but  for  each  wave-length  separately. 

The  extinction  of  light  in  the  terrestrial  amosphere  is  tho- 
roughly discussed  by  L.  V.  King^  The  coefficient  of  extinction 
C  ruling  the  attenuation  of  the  solar  radiation  he  finds  to  be  of 
the  form 

C  =  pZ-'  ^y  , 

where  the  first  term  is  due  to  scattering.  For  wave-lengths  Z  >  0.610  ^ 
this  term  is  a  sum  of  two,  one  due  to  the  influence  of  changes 
in  the  density  of  the  air-molecules  and  following  Rayleigh's  law, 
the  other  due  to  the  atmospheric  dust.  From  the  run  of  C  with 
i"^  King  concludes  that  »the  ratio  of  energy  scattered  to  energy 
absorbed  and  converted  into  heat  is  constant  for  any  wave-length 
and  is  independent  of  the  nature  of  the  scattering  particle  whether 
»dust»  or  molecules*.  For  shorter  wave-lengths  the  atmospheric 
dust  will  only  cause  an  absorption,  the  scattering  is  wholly  due 
to  the  general  radiation  of  opalescence  in  gases. 

We  may  imagine  the  quotient  '^  to  be  a  function  of  tempe- 
rature and  pressure;  according  to  the  reasoning  above  it  ought 
to  have  a  considerably  greater  value  for  the  extremely  hot  photo- 

'  L.  V.  King,  Proceedings  of  the  Royal  Society,  A,  Vol.  88,  1913. 
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spheric  gases  of  the  sun  than  for  the  terrestrial  atmosphere.  On 
the  basis  of  Wilsing's  theory  a  considerable  coefficient  of  absorp- 
tion may  be  ascribed  to  the  small  liquid  particles  forming  the 
clouds  of  condensation  in  the  photospheric  vapors.  At  all  events 
Ave  assume  below  that  the  solar  gases  have  an  appreciable  coeffi- 
cient of  absorption,  and  that  the  radiation  follows  the  laws  of 
KiRGHHOFF  and  Planck.  The  suitability  of  this  hypothesis  is  to  be 
shown  by  its  consequences  for  the  observed  properties  of  the 
radiation. 

On  the  other  hand  we  must  probably  also  reckon  with  a 
general  scattering  following  Rayleigh's  law.  If  the  coefficient  of 
scattering  is  a,  and  the  height  of  the  homogenous  solar  atmosphere 
is  H,  we  have,  according  to  Schuster  and  Schwarzsghild,  for  the 
part  of  the  incident  radiation  transmitted  through  the  solar  at- 
mosphere 

1 


1  +  gH 

For  gH  we  put  i)i  Z~^  ,  where 

3  N 

n  is  the  index  of  refraction,  N  the  number  of  molecules  pur  cubic 
centimeter.     For    the  terrestrial  atmosphere    King  found  m  =0.010 

{I  in  (.i). 

1 
Now  {n  —  \),  N  and  -^  are  proportional  to  the  density,  con- 
sequently for  the  same  scattering  mass  the  factor  m  is  independent 
of  the  density.     If  we  assume  the  pressure  in  the  reversing  layer 
to   be  1  atm.,  and  imagine  the  overlying  mass  compressed  to  the 

same  density  as  that  of  the  homogenous  atmosphei-e  of  the  earth, 

1 
the    height    H    will  be  -^—  times  the  height  of  the  latter.     Fur- 

ther,  if  we  assume  that  the  solar  atmosphere  is  built  up  of 
dissociated  hydrogen,  we  have  N  28.9  times  the  number  of 
molecules  per  unit  volume  air  of  the  same  density.  For  {n  —  1) 
we  take  the  value  for  undissociated  hydrogen;  it  is  nearly  7 
times  greater  than  for  air  of  the  same  density.  Under  the  supposi- 
tions made  we  have  therefore  for  the  solar  atmosphere, 

m  =  0.00062 1 

^  This    result    is    at    variance    with    the    computation    of   m  made  by  A. 
Defant,  Sitzungsberichte  der  K.  Akademie  der  Wiss.  in  Wien,  Math.-naturwiss. 
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and  for  some  wave-lengths 

X        0.35^       0.37^       0.4^  0.5^       0.6  ^e 

gR    0.041       0.033       0.024  0.010      0.005 

Thus  tlie  effect  of  opalescence  scattering  in  those  layers  where 

the    Fraunhofer    lines    are    formed    must  probahly  be  A-anishingly 

small,  except  for  the  extreme  ultra-violet  region. 


2.    Radiative  equilibrium. 

The  distribution  of  intensity  over  the  solar  disk. 
The  constitution  of  the  Fraunhofer  Hnes. 

The  starting  points  tor  the  following  treatment  of  the  solar 
radiation  are  essentially  the  same  as  in  Sghwarzsghild's  second  paper 
quoted  above.  The  solar  atmosphere  we  consider  to  be  built  up  of 
an  infinitude  of  plane  layers,  which  are  supposed  to  have  the  same 
temperature  and  density  everywhere,  hi  this  way  the  radiation 
must  be  the  same  at  all  points  of  a  layer,  and  we  need  only 
consider  the  radiation  as  a  function  of  the  depth  x  below  a  cer- 
tain surface  of  reference,  dropping  the  coordinates  ij  and  s .  The 
:r-axis  is  a  perpendicular  to  the  layers  with  the  positive  direction 
tov/ards  the  sun's  center.  The  radiation  in  unit  time  of  a  certain 
w^ave-length  making  an  angle  %  with  the  .r-axis,  going  through  an 
element  of  surface  ds  perpendicular  to  the  beam  into  a  solid 
angle  d(xi  is 

a(x^  i)  ds  d(jL>  inwards 
h(x,  iJ  ds  do)  outwards, 

the  angle  i  being  reckoned  from  0  to  —    from    the    two    opposite 

directions    of   the   normal.     On  the  way  dx  sec  i  the  radiation  a 
loses 

by  absorption  x  a  dx  sec  i 

by  scattering    g  a  dx  sec  i 


Kl.,  Abt.  II  a,  Bd.  125.  Heft.  6,  1916,  p.  514.  U.sing  tlie  figures  of  Defant  from 
the  two  columns  of  this  page  in  the  formula  on  p.  511,  I  find  m^/^  :=  0.0067 
and  0.00056,  instead  of  0.0406  and  0.0282.  The  figures  in  the  columns  mentioned 
seem  to  he  correct,  and  there  must  have  heen  a  miscalculation  by  Defant  in 
the  application  to  the  formula. 
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y,  is  the  coefficient  of  absorption,  g  the  coefficient  of  scattering; 
they  are  considered  variable  from  one  layer  to  another.  Further 
we  let  E  (Is  cloy  be  the  radiation  in  unit  time  for  the  wave-length 
in  cfuestion  at  the  surface  of  a  black  body  of  the  same  tempera- 
ture as  the  layer  of  depth  x. 

The  amount  of  energy  absorbed  in  unit  time  by  unit  volume 
of  the  layer  from  a  radiation  with  the  intensity  E  at  all  points 
would  be^ 

'\ny.E 

But  here  the  energy  going  into  unit  volume  in  unit  time 
would  be  equal  to  the  power  of  emission  per  unit  volume  of  the 
black  body,  and  therefore,  according  to  Kirghhoff's  law,  ^7iy,E 
will  be  the  total  amount  of  energy  emitted  in  unit  time  by  unit 
volume  of  the  gaseous  layer. 

Now  we  make  the  necessary  assumption  that  the  cofficient  of 
scattering  g  works  equally  in  all  directions.  This  is  not  strictly 
true  from  a  theoretical  point  of  view,  but  the  assumption  is  per- 
missible, because  at  every  point  of  the  gaseous  mass  beams  of 
light  will  be  concentrated  which  go  in  directions  fairly  equally 
■distributed  at  least  over  one  hemisphere.  Then  we  have  for  the 
•energy  scattered  by  unit  volume 

G{Ja{x,  i)do}  +  \h[x^  i)do))^ 

each  integral  extended  over  its  respective  hemisphere.  Because 
the  radiation  has  symmetry  of  rotation  with  regard  to  the:r-axis, 
we  may,  with  Schwarzschild,  put  for  this  expression 


^TIG.    A 


where 


It  Tt^ 

V  2 


A  =fa{x,  i)  sin  i  di  +Jb{x,  i)  sin  i  di      .     .     .     (1) 

0  0 

As    we    suppose  the  scattering  produced  equally  in  all  directions, 


1  See    M.    Planck,    Vorlesungen    iiber    die    Theorie    du    Varmestrahlung: 
Leipzig,  1919,  §  26. 
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we  shall  have  for  the  energy  scattered  by  the  element  of  volume- 
dv  into  the  solid  angle  do) 

^tigA  •  dv  •  7—  =  dvdo)  — - 

The  energy  emitted  in  the  same  solid  angle  will  be 

dvdoxE . 

The    sum    of    the    energy  emitted  and  scattered  from  the  element 
of  volume  dv  will  thus  be 


dvdoio-^  +  xEj  =  dvdcoJ, 


and  thus  ^tvJ  is  the  total  amount  of  energy  emitted  and  scattered 
by  a  unit  volume. 

By  considering  the  change  of  the  radiation  when  we  go  from 
the    layer  x  to  the  layer  x  +  dx  we  get  the  differential  equations 

.da 
cos  t  Y-  =  —  {y^  +  o)(i  +  J , 

(2> 

COS    '^-j-   =         {X  +   G)0  -  J . 


where 


J=''4^''-E (3> 


Q 


The  equations  (1)  to  (3)  constitute  the  equations  of  the  pro~ 
blem.  Here  a  and  h  are  functions  of  x  and  i,  J",  g,  and  k  are 
functions  of  x  only. 

From  Abbot's  theory  we  might  perhaps  consider  g  and  ;;  to- 
be  simply  proportional  to  the  density  of  the  gases;  from  Wilsing's 
point  of  view  this  is  not  permissible. 

ScHWARZscHiLD  cxprcsses  the  function  J  in  an  integral  equation, 
which  he  solves  for  the  special  cases  z  =  0  and  g  -  0.  This  leads- 
to  the  results  referred  to  above. 

Instead  of  proceeding  this  way,  we  shall  try  to  apply  here  to 
the  most  general  case  the  principle  of  radiative  equilibrium,  sugge- 
sted in  Sghwarzsghild's  first  paper.  We  therefoi-e  assume  that  the 
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integral  radiation  totalled  up  over  all  wave-lengths  in  the  spectrum 
obeys  equations  of  the  same  form  as  those  deduced  above  for  a 
small  interval  of  wave-lengths.    For  the  integral  radiation  we  use 

the  symbols  a{x,  i),  b(x^  i),  %,  g  etc.  Because  x  and  (t  are  func- 
tions of  Z,  we  must  suppose  that  the  composition  of  the  radiation 
does  not  alter  very  much  with  i.  As  mentioned  before,  we  mean 
by  radiative  equilibrium  that  the  extreme  solar  layers  have  such 
temperatures  that  the  continuous  outflow  of  energy  does  not  alter 
the  temperatures  and  densities  of  the  separate  layers.  Here  we 
exclude  the  possibility  of  a  convection  of  heat  and  assume  the 
energy  to  be  only  propagated  by  radiation.  If  the  extreme  layers 
of  the  sun  do  not  share  the  vertical  streamings  on  which  some 
solar  theories  insist,  it  seems  very  probable  that  an  equilibrium 
in  accordance  with  this  principle  is  brought  about  for  the  photo- 
spheric  and  atmospheric  layers. 

The    radiative    equilibrium    now    demands    that    for    a   given 
arbitrary    volume  the  absorbed  energy  from  the  radiations  a  and 

b  will  be  equal  to  the  emitted  temperature  radiation.  Thus,  if 
we  consider  the  absorption  and  emission  per  unit  volume,  we 
shall  have. 

^7Tz(fa{x,  i)  sin  i  di  +jh{x,  i)  sin  i  dij  =  4^jixE 

0  0 

Thus  w^e  get  as  a  condition  for  the  radiative  equilibrium 


and  then 


J  =  {y.^a)i (4) 


Before  we  apply  this  relation  we  make  the  simplifying  assump- 
tion that  a{x,  i)  and  h{x,  i)  are  independent  of  i,  so  that  we 
may  drop  i  in  the  symbols.     Thus  we  have 

A=a{x)  +  h{x), (1*) 

and  by  multiplying  the  original  differential  equations  for  the  inte- 
gral    radiation    by  sin  i   and  integrating  from  0  to  -r  we  get 
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1  da  -     -  -      ^ 

1  (lb 


(2*) 


2  dx 


=       {y,  +  G)h  -  J 


By  adding  the  relation 


(3*) 


we  have  the  new  set  of  equations  complete. 

If  now  we  make  use  of  the  expression  (4)  for  J  in  equations 
(2*),  we  get  by  adding  and  subtracting, 

^(a  ^  6)  =  2{y,  +  a)(6  -  a) 


d^ 

dx 


If  we  put 


we  get 


[a  -h)  =  0 


dm  =  (y.  ^  G)dx  , (5) 


d 


-Y-ia  -r  h)  =  2(6  -  a) 

dnr  '         -  ^ 

-^(a  -1)  =  0 
dm 


Thus  we  have 


j  h  —  a  =  Ci 

[  a  +  h  =  ^Ci    m  +  C2, 

where  Ci  and  c^  are  arbitrary  constants.     Now  for  m  =  0  we  have 
u  =  0,  6  =  6(0),  and  we  get 

ci  =  Co  =  6(0) 

For  the  radiative  equilibrium  we  have,  according  to  the  foregoing, 

a  +  b  =  ^E. 
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Consequently  we  get 

a  =  h{fS)m,     .     . 

?;  =  i(0)(l  +  m) , (g^ 

For  -B  we  apply  Stefan's  law  E  =  ct^,  f  being  the  absolute  tem- 
perature of  the  layer.  Ji  h{0)  is  a  constant,  measuring  the  total 
amount  of  energy  radiated  into  space.  In  ScHWARZsmLDS  first 
paper  it  is  the  quantity  designed  by  Aq  .  If  we  introduce  the 
temperature  t  of  the  extreme  atmospheric  vapors,  and  put  Aq  =  cl"^, 
where  T  is  the  effective  temperature,  we  have 


T  = 


V2 


Further  we  get  for  the  temperature  of  a  layer 


f  -  tVI  +  2m (7) 

Avhere  according  to  (5) 


m  = 


I  (yy  +  G)dx 


Equation  (7)  gives  the  temperature  of  a  layer  in  terms  of  the 
optical  mass  m  overlying  it^  and  this  relation  may  be  used  in  the 
original  equations  in  order  to  get  approximately  the  amount  of 
radiation  for  different  angles  of  inchnation.  It  is  at  once  evident 
that  our  equations  for  the  integral  radiation  are  of  the  same  form 
and  that  our  manner  of  proceeding  is  here  the  same  as  in  Schwarz- 
scmLD's  treatment  of  » Schuster's  approximation »  in  the  case  of  a 
pure  scattering. 

We  shall  now  first  derive  the  expression  for  the  part  of  the 
integral  radiation  that  forms  an  angle  i  with  tlie  x-axis.  For 
this  purpose  we  use  the  original  equations  (2),  but  applied  to  the 
integral  radiation,  combined  with  the  relation  (4),  according  to 
which  we  have 

J  =  (y.  +"a)^, (4a) 
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and  thus 

•  ^^^^  ~       ^ 

cos  t  -r. —  =  —  a  +  Jb 

dm 

■  (i^  T        T' 

COS  ^  -, —  =       b  -  L 
dm 

If  the  radiation  Um,i)  has  the  vahie  B  for  m  =  31,  we  have^ 
by  solving  the  second  equation, 

b{m,  i)  =-  Be^'"-'^^'  "^^ '  +  e'"  '^^  '  j  Ee-"'  ^^^  '  dm  sec  i. 

Now  we  put  ili"  =  cc ,  whereby  the  first  term  vanishes,  and  apply 
this  relation  for  m  =  0.     Then  we  have 

ce 

F(0,  ^■)  =  jEe-"'  ^^"^  '■  f/??i  sec  i, 

0 

where    we   are    to    introduce  the  value  of  E    from    equation    (G). 
Consequently 

r(0,  0  =  -j^J{\  +  2;»)  e—"  ^"= '  dm  sec  i, 


b(0,i)  =  ^{l+i  cost) 

Thus  we  have  found  the  same  expression  for  the  distribution 
of  the  integral  spectral  energy  as  was  given  in  Schwarzschild's 
first  paper;  if  we  put  the  energy  at  the  center  equal  to  1 ,  we 
have  the  Intensity  for  the  angle  i 

1-4-9   cci^  i 

m  =  ^  -  "°^  ^ (8> 

Further  because  the  results  obtained  above  are  perfectly  ana- 
logous to  those  derived  in  »Schuster's  approximation*  for  a  pure 
scattering,  we  may  apply  here  to  our  equations  (6)  and  (8)  the 
corrections  to  » Schuster's  approximation »  computed  by  Schwarz- 
scHiLD.     We   thus  correct  our  theoretical  values  of  F{i)  by  means 
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of   Sghwarzschild's    table   (second  paper,  p.  1197),  where  we  use 
the  values  for  H  =  8. 

The  correspondence  between  theory  and  observation  is  shown 
in  table  1.  q  is  the  distance  of  a  zonical  element  from  the  center 
of  the  sun,  expressed  as  a  fraction  of  the  radius.  Evidently  we 
have  Q  =  sin  i.  The  observed  quantities  are  derived  in  the  follow- 
ing: wav.  Abbot,  Fowle  and  Aldrigh^  have  constructed  a  table 
of  the  decrease  of  intensity  for  different  wave-lengths  along  the 
apparent  solar  radius,  where  the  values  for  q  =  0  are  adjusted  to 
correspond  to  the  normal  energy-curve  of  the  radiation.  By 
adding  the  values  for  equidistant  wave-lengths  belonging  to  the 
same  zone,  —  for  the  infra-red  wave-lengths  the  intensities  must 
be  multiplied  by  certain  factors  in  order  to  account  for  the  greater 
size  of  the  intervals  — ,  we  get  numbers  characterizing  the  integral 
radiation.     The  values  derived  agree  well  with  those  of  Muller  ^. 


Table  1 


9 

0.00 

0.40 

0.55 

0.65 

0.75 

0.825 

0.875 

0.92 

0.95 

Observed 

Computed 

Difference 

1.00 

1.00 

0 

0.95 

0.94 

+  1 

0.91 

0.90 

+  1 

0.87 
0.86 

+  1 

0.82 

0.79 

+  3 

0.78 
0.73 

+  5 

0.71 
0.69 

+  2 

0.66 
0.62 

+  4 

0.60 
0.57 

+  3 

The  computed  values  of  F(i)  are  systematically  somewhat 
smaller  than  those  observed;  we  shall  return  later  to  an  expla- 
nation of  this  discrepancy.  An  adiabatic  equilibrium  would  lead 
to  a  much  more  rapid  decrease^. 

Our  main  purpose  is,  however,  to  get  the  law  of  distribution 
over  the  solar  disk  for  each  wave-length  separately.  For  this 
purpose  we  must  examine  how  far  a  formula  analogous  to  the 
relation  (4ff)  holds  true  for  the  separate  wave-lengths.  The  gaseous 
or  cloudy  layers  are  arranged  according  to  the  demands  of  the 
integral  radiation;  because  the  relation  between  emissive  power 
and  optical  mass  in  (6)  is  not  valid  for  all  separate  wave-lengths, 
the  radiative  equilibrium  cannot  be  fulfilled  for  them  all.  But 
because  the  temperature  only  varies  slightly  with  the  optical  mass, 


^  loc.  cit. 

2  G.  MiiLLER,  Photometrie  der  Geslirne.  p.  323,  1897. 

^  See  Schwarzschild's  first  paper  cited  above. 
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there  will  be  a  certain  medium  Avave-length,  not  far  from  the 
wave-length  of  maximum  energy,  for  which  we  may  assume  the 
black  body  emission  E  to  be  nearly  proportional  to  the  fourth 
power  of  the  temperature,  and  for  which  consequently  a  relation 
E  =  c{\  -^  ^m)  holds  true.  If  the  wave-length  of  maximum  radia- 
tion lies  at  ?.  0.4  ^,  corresponding  to  a  temperature  of  about 
7000^,  according  to  Planck's  law  the  wave-length  in  question  will 

lie  about  0.5  /t.  We  have  derived  above  E{0)  =  — ^  for  the 
integral  radiation.  Now  E  is  according  to  the  theory  a  black 
body  radiation;  from  observations  we  know  that  -~^  may  be 
roughly  represented  by  a  black  body  energy-curve,  and  conse- 
quently   we    may    put    E{0)  =  -^    for   the  medium  wave-length. 

Further  we  have  approximately  for  this  wave-length  x  +  o=7i  +  Gy 
provided  that  z  +  a  does  not  vary  too  fast  with  the  wave-length. 
If  we  define 


X 

u  =    I  (y^  +  a)dx, 


we  have  in  this  case  almost  ft  =  m.  Thus  we  may  put  here 
E  =  ——(1  ^2^).  Then  the  equilibrium  of  radiation  may  be  con- 
sidered as  being  produced  for  a  part  of  the  spectrum  enclosing  the 
wave-length  in  question  in  such  a  way  that  we  may  put,  with  some 
approximation  to  the  truth,  for  each  separate  wave-length  of  the 
interval 

A  =  2JS, 

avd  thus,  if  (7  is  not  great  compared  with  a 

J  =  {x  --  g)E (46) 

Moreover,  this  relation  will  be  very  nearly  true  for  all  wave- 
lengths where  a  is  very  small  compared  with  x.  According  to  the 
previous  discussion  we  may  therefore  expect  a  fair  approximation 
to  the  real  facts  by  assuming  the  relation  (46)  to  be  generally  true. 
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We  then  have  in  the  same  way  as  for  the  integral  radiation 

.  da 

cos  ^  -i-  =  —  a  +  E 


cos  t 


da 
diA, 


h  -  E; 


and  thus 


00 

J){0,  i)  =  J  Ee-^  '^^  *  dy.  sec  i. 

0 

For  E  we  introduce  the  law  of  Planck, 

E  =  CA-'{e^  -  1)-S 
for  t  we  use  equation  (7) 


t  =  t]1  +  2m 
Nov  we  put  the  quotient 

dm      K  ^  G 


dfi       z  -i  (T 


=  h 


We  assume  that  x  +  g  does  not  vary  very  fast  with  the  wave- 
length. Because  the  temperature  increases  slowly  with  w,  the 
composition  of  the  integral  radiation  does  not  change  rapidly,  and 
we  may  suppose  Z;  to  be  constant  for  the  successive  layers,  and 
thus  have 

m  =  lif.1 . 

We  put 

fi  sec  i  =  t, , 

and  thus  have 


6(0,  i)  =  CX--'  f- 


e-i 


0    gAr 


_  1 
^  cos  i)      ^ 


./§....  (9) 


—  1 


If  w^e  make  an  assumption  about  7r,  this  relation  only  con- 
tains one  unknown  parameter  t,  w^hich  gives  immediately,  accord- 
ing   to    (7),    the    true    temperature    t    of   a  layer  in  terms  of  the 
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optical  mass  m  over  it.  By  studying  the  value  of  h{0,  i)  for  diffe- 
rent angles  /,  i.  e.  for  different  points  of  the  apparent  solar  radius, 
we  may  determine  the  limiting  teperature  t  for  the  sun, 

In  this  ivay  the  temjjerature  of  the  successive  radiating  layers 
as  a  function  of  the  overlying  optical  mass,  as  well  as  the  effec- 
tive temperature  of  the  total  energy  radiated  into  space  and  the 
spectral  energy  distribution  of  this  radiation  way  he  determined 
hy  the  decrease  of  radiation  for  an  arbitrary  ivave-length  along 
the  radius  of  the  solar  disl\ 

Below  we  shall  apply  this  principle  to  observational  data  of 
■different  kinds.  The  dependence  of  t  on  the  values  of  t  and  m 
for  a  certain  layer  will  be  of  fundamental  use  to  us,  when  we 
pass  to  the  comparison  of  the  radiations  of  stars  of  the  same 
spectral  type  but  of  different  luminosities. 

There  is  an  important  remark  to  be  made  here  as  to  the 
influence  of  the  correction  to  » Schuster's  approximation».  We 
see  from  Sghwarzshild's  table  (p.  119G)  that  for  a  large  total 
depth  of  the  scattering  layers  (in  our  case  the  layers  in  radiative 
equilibrium)    the    correction    to    be    applied    to    {U  -r  1)  •  J{x) , 

E 

which  quantity  corresponds  to     = —  in  our  equations,  is  a  small 

positive  quantity,  decreasing  with  increasing  values  of  x.  It  is 
therefore  evident  that  in  our  case  the  correction  in  question  will 
proba)j]y  mainly  concern  the  radiation  of  the  long  wave-lengths, 
because  their  most  effective  layers  are  placed  at  much  higher  levels 
than  those  of  the  short  wave-lengths,  if  the  coefficient  of  extinction 
is  the  same.  As  far  as  this  condition  is  nearly  fulfilled  we  may 
therefore  expect  an  especially  close  correspondence  to  our  theory 
for  the  short  wave-lengths. 

The  integral  in  equation  (9)  may  be  developed  in  a  series  of 
integrals,  which  are  special  cases  of  the  general  integral 

Je-'{t±t-f')t^clt. 
y 

This  integral  has  been  developed  by  H.  Faxen^  Except  the 
functions  log  x  and  log  y  the  development  contains  series  of  powers 
in  X  and  y,  converging  for  (.i  >  — 1. 

^  Mr.  Faxen  has  kindly  informed  me  about  bis  results,  wich  are  still  un- 
published. 
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These  series,  however,  are  not  convenient  for  a  numerical 
<:omputation  in  this  special  case,  and  therefore  I  have  used  here 
a  numerical  method  of  integration.     We  write  (9) 


where 


^(0,  i)  =  K^,e  ■  C^^ 


-■{Ja 


(1  +2^  CCS  0 


r 


K 


5,5    = 


3^  _  1 


,ea 


e-5 


^^cJ^  , 


(10) 


^  =  f  (1 

AT 


«) 


G  = 


1    +    8 


By  putting  e-^  =  tj  we  get 


^6,6    = 


"e^  ~  1 


,.9  a 


1 


d'1] ,  G  - 


£  =  ^llc  cos  i 


1    +   8 


\  -\-  e\lg  1] 


Using  Simpson's  rule  for  the  part  of  the  integral  between  0.1 
and  0.2,  and  between  0.2  and  1,  with  interwals  equal  to  0.05  and 
0.1  respectively,  and  a  graphical  method  for  the  remaining  part, 
I  have  calculated  Ki^^e  for  some  values  of  6  and  e  of  the  order 
of  magnitude  which  may  occur  in  the  following.  The  results  are 
shown  in  table  2.  The  last  decimal  place  is  uncertain.  By  means 
of  the  numbers  in  the  table  the  curves  in  fig.  1  were  constructed, 
giving  K  as  a  function  of  6  for  different  values  of  e.  The  values 
in  italics  are  read  from  these  curves.  We  see  that  the  integral  is 
nearly  equal  to  unity  for  not  too  large  values  of  9  and  e  and  has 
a  minimum  for  each  curve  between  6  =  0  and  0  =  5.  For  ^  =  5.05 
the  integral  is  very  nearly  equal  to  unity  for  all  values  of  e  in 
the  table.  For  6  =  0  we  get  the  integral  after  developing  in  the 
iirst  expression  on  this  page. 


Table  2 

0 

1 

2              3              4 

5 

6 

8 

0.5 
1.0 
1.5 
2.0 

i      2.5 

0.9919 
0.9817 
0.9736 
0.9672 
0-9619 

0.9876 
0.9724 
0.9601 
0.950S 

0.9842 
0.9661 
0.9510 
0.9400 

0.9841 
0.9663 
0.9520 
0.9414 

0.9884 
0.9763 
0.9677 
0.9612 

0.9993 
0.9986 
0.9985 
0.9984 

1  0157 
1.0333 
1.0480 
1.0602 

1.153 
1.260 

B.  Lindblad:    Continuous  spectra  of  the  sun  and  the  fixed  stars. 


34 


Bertil  Lindblad, 


We  shall  now  compare  our  theoretical  formula  (10)  with  the 
observed  energy-distribution  along  the  apparent  solar  radius.  In 
the  preceding  discussion  we  have  made  the  supposition  that  x  +  a 
generally  does  not  vary  very  fast  with  the  wave-length,  further, 
the  relation  (4  b)  is  more  reliable  the  smaler  a  is  compared  with 
z.     If    the    coefficient  of  scattering  g  obeys  Rayleigh's  law,  and  ^ 
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is  assumed  to  be  nearly  constant  for  all  wave-lengths,  the  two- 
suppositions  are  obviously  equivalent;  they  may  be  simply  expressed 
by  the  condition  that  li  shall  approximate  to  unity.  Thus  to  begin 
Avith,  we  put  7t-  =  1,  and  have 

fc(0,  i)  =  7£6U-4ii''^'°°^"~^-ir.     .     .     .(I0*> 

For  the  center  of  the  sun  we  have 


M0,0)  =  K^CX- 


c 
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We  put 

c  /I  +  2  cos  A  "T 

Tims  we  liave,  if  we  define  /"(?")  =  ,7—'-^  . 

K    e«  _  1 

^W  =  Z„^-rT- ("i 

Tlie  oJDservecl  values  of  f{i)  are  taiveii  from  the  results  of  the 
bolometric  work  of  Abbot,  Fowle  and  Aldrigh,  completed  for 
wave-length  0.3^3  (,i  by  the  results  of  Sghwap.zschild  and  Villiger, 
obtained  b}^  photographing  the  sun  by  means  of  a  silvered  lens. 
The  intensities  are  tabulated  by  Abbot,  Fowle  and  Aldrigh  for 
nine  points  of  the  radius,  the  intensity  at  the  center  being  taken 
as  the  unit.  If  the  solar  atmosphere  is  supposed  to  be  very  thin, 
the  distance  q  of  a  zone  from  the  center  immediately  gives 
Q  =  sin  i\  M  may  thus  be  calculated.  Further  we  have  for  the 
items  0  and  e  of  K  and  Ka, 

for  the  center,         60  ~  ct,       Eo  =  ^  , 

for  the  distance  Q,  9  =  aM ,  £  =  2  cos  i. 

Thus  if  we  put  for  f{i)  one  of  the  values  observed,  we  get 
an  equation  which  only  contains  the  one  unknown  quantity  a. 
For  determining  a  I  have  chosen  f{i)obs  for  q  =  0.825,  except  for 
A0.3S6fif-i,  where  I  have  used  the  value  for  (>  =  0.92,  because 
the  value  of  a  thus  derived  gives  considerably  less  systematic 
residuals  in  table  4.     We  may  write  equation  (11) 

When  a  is  great,  which  is  the  case  for  small  wave-lengths,  we  may 
put  0=1  in  the  first  approximation.  When  a  preliminary  value 
of  a  has  thus  been  derived,  a  more  exact  value  of  0  may  be 
calculated,  and  so  on.  When  a  is  small,  this  arrangement  will 
be  less  expeditious,  but  if  we  have  got  a  good  approximate  value 
of  a,  we  may  determine  the  correction  by  differentiating  equation 
(11).     In  this  way  I  have  determined  a  for  the  sequence  of  wave- 
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lengths    in    Abbot    and    Fowle's    table.     From    the  expression  for 

4  

/>(0,0)  it  is  seen  that  T,,  =  t  \'3  may  be  called  the  apparent  effec- 
tive temperature  for  ihe  sun's  center,  in  what  concerns  the  relative 
distribution  of  energy  for  a  sequence  of  wave-lengths  where  K 
may  be  regarded  as  constant.    Because 

we  see  that  if  our  assumptions  are  true,  aZ  ought  Lo  be  constant; 
\l  c  =  14300,  To  about  7000o,  ^^.^  ^.gt  ^^  ^  g.O. 

In  table  3  the  values  of  a  and  a/i  are  tabulated.  Table  4 
shows  the  observed  and  computed  values  of  f{i)  for  the  different 
points  of  the  radius.  The  computed  values  are  calculated  accord- 
ing to  equation  (11)  with  the  respective  values  of  a  in  table  3. 
The  differences  A  ai'e  expressed  in  units  of  the  fourth  decimal. 
Fig.  2  shows  aZ  as  a  function  of  i  between  0.323^^  and  1.225 /^. 
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We  see  from  table  3  that  a?,  is  nearly  constant  and  not  far 
from  2.0  throughout  the  photographic  and  visual  parts  of  the 
spectrum.  Further  the  residuals  in  table  4  must  be  considered 
rather  small  when,  we  consider  the  magnitude  of  the  observed 
temporary  changes  of  /'(Oo&^S  and  thus  we  must  admit  that  the 
i-esults  in  the  two  tables  strongly  support  our  main  assumptions 
above. 

There  is,  however,  a  perceptible  decrease  of  a?,  with  the 
wave-length,  and  a  marked  systematic  run  of  the  residuals  in 
table  4.  In  constructing  this  table  the  separate  values  of  a  in 
table  3  have  been  used,  but  from  a  certain  point  of  view  we  are 
more  interested  in  the  residuals  which  w^e  get  by  assuming  a^  to 
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be    constant,    say  =  2.0,  for  all  wave-lengths.     If  we  compare  the 

2  0 
new    values    a  =  -r-    with    the    old  ones  in  table  3,  and  look  for 

corresponding  wave-lengths  in  the  first  line  of  that  table,  w^e  can 
find  approximately  the  new  values  of  f{i)romp  by  interpolation  be- 
tween two  consecutive  wave-lengths  in  table  4.  It  is  evident  at 
once  that  the  residuals  must  still  be  very  small  for  the  shorter 
wave-lengths;  in  fact  this  will  be  the  case  also  for  the  largest 
wave-lengths,  in  spite  of  the  decrease  of  cU,  by  reason  of  the 
small  range  of  f{i)  for  this  part  of  the  spectrum. 

^  See    Annals    of   the    Astrophys.    Obs.    of    the  Smithsonian  Inst.  Vol.  II 
Part.  Ill;  Vol.  III.  Ch.  VII. 
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It  may  perhaps  be  worth  while  mentioning  that  the  calculations 
leading  to  tables  3  and  4  were  at  first  carried  out  on  the  suppo- 
sition that  K(^,s  could  be  put  equal  to  unity.  Then  the  systematic 
change  of  a?,  in  table  3  was  considerably  greater;  between  wave- 
lengths 1.225  |ti  and  0.456  .<i.  there  was  an  increase  from  1.37  to 
1.94  instead  of  from  1.75  to  2.03.  The  systematic  run  of  the 
residuals  in  table  4  was  also  somewhat  more  pronounced. 

We  may  now  explain  a  variation  of  al  by  introducing  other 
values  of  U  in  equation  (10).     We  put 


a'  =  -,  ,     M'  =  VI  +  2/j  (1  -f  2Z;  cos  i)~  T  , 

;.t|  1  +  2/j 

If    li    is    not  far    fi'om  unity  we  may  assume  the  new  values 
of  K  and  A',  to  be  equal  to  the  old  ones.     Then  we  have 


e^'M'  _  1      e^ '^  —  1  ' 

and  for  short  wave-lengths  nearly 

a'  (1  —  M')  =  a  (1  —  il/) . 


Now  we  assume  a'XM  +  2/i;  to  be  constant  for  all  Avave-lengths 

4 

and  equal  to  dch\'^  ,    where  io  is  the  wave-length  for  which  we 
have  A'  =  1.     Then  we  get 

M'-i  =  {M-l)^[^-^]^     ....    (12) 

For  dolo    we    assume  the  value  2.00;  in  the  first  approxima- 

(1   '   9/-\ '- 
— ^^^r  =  1 ,   then  M  may  be  derived,  and  /j  by  means 

of  the  formula 

"      2  (1  —  M'  cos  ^•) ^  '  ^ 

In  a  following    approximation    we  compute  a  better  value  for  the 
last  factor  in  (12),  and  derive  a  new  value  of  Ic. 

If  aZ  decreases,  Jc  will    decrease    also;    for    aZ  =  1.90  we  get 
I'  =  0.85.    In  this  way  z  +  g  would  increase  with  the  wave-length 
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from  X  0.443  /*  towards  longer  wave-lengths.  But  the  systematic 
residuals  for  large  values  of  q  in  table  4  would  be  increased  b}' 
the  new  formula,  and  therefore  it  is  perhaps  not  permissible  to 
draw  a  conclusion  in  this  direction. 

On  the  other  hand  the  correction  to  »Sghuster's  approxima- 
tion»,  which  is  of  greater  importance  for  long  wave-lengths  because 
the  assumption  7(:  =  1  cannot  be  far  from  the  truth,  tends  to  a 
somewhat  smaller  energy-fall  than  that  given  by  our  formula, 
and  would  thus  tend  to  increase  the  values  found  for  al.  It  i:^v 
probable  that  the  systematic  decrease  of  aX  towards  long  wave- 
lengths may  be  accounted  for  in  tliis  way. 

The  conditions  are  somewhat  different  for  the  three  shortest 
wave-lengths  in  the  tables.  There  is  a  sharp  falling-oflf  in  aX  from 
i  0.433  ii\  for  this  wave-length  aX  is  abnormally  large,  for  i  0.323  ii 
it  is,  on  the  contrary,  remarkably  small.  In  addition  the  residuals 
in  table  4  for  q  =  0.93  and  0.95  change  sign  when  we  go  to  the 
three  shortest  wave-lengths,  the  observed  values  being  greater 
than  those  given  in  the  formula;  at  the  same  time  the  residuals 
for  small  values  of  q  have  numerically  large  negative  values.  Now 
we  must  remember  that  the  observed  values  for  X  0.323  ii  are 
taken  from  another  source  than  those  of  the  other  wave-lengths: 
in  addition  the  values  for  X  0.386  have  perhaps  not  the  same 
accuracy  as  the  others.  But  probably  this  cannot  explain  the 
facts  mentioned. 

The  decrease  of  aX  for  the  wave-lengths  0.386  /*  and  0.323  ^f, 
as  well  as  the  run  of  the  residuals  for  these  wave-lengths  in  table 
4,  agree  well  with  a  .slight  decrease  of  /.■,  that  is  a  real  increase 
of  y.  -r  a,  for  the  effective  layers  of  the  radiation.  The  most  ob- 
vious explanation  is  that  the  scattering  according  to  Rayleigh's 
law  becomes  perceptible  for  these  wave-lengths  in  the  extreme 
violet.  For  the  wave-length  0.433  ii  the  conditions  seem  to  be 
somewhat  irregular;  this  may  be  connected  with  the  fact  that  this 
wave-length  falls  in  the  immediate  vicinity  of  the  accumulation  of 
absorption  lines  around  the  Fraunhofer  line  G.  It  is  possible  that 
line  absorption  has  caused  disturbancies  in  the  run  of  f(i)  for  the 
wave-lengths  0.386  i^i  and  0.323  /t  as  well.  In  fact,  if  the  influence  of 
the  lines  consists  in  changing  slightly  the  radiation  for  the  diffe- 
rent values  of  q  relative  to  the  radiation  from  the  center  of  the 
disk,  the  run  of  the  residuals  and  the  great  value  of  aX  for 
X  0.433  II    may    be    explained.     But    then    the    values    of   aX    for 
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X  0.386  II  and  /  0.323  ii  in  table  3  may  also  be  too  great;  if 
the  lines  were  absent  we  should  perhaps  find  still  smaller  values 
of  /c",  indicating  a  still  greater  importance  of  the  opalescence  scatter- 
ing for  these  wave-lengths.  But  on  the  other  hand  there  is  pro- 
bably a  rather  strong  scattering  in  the  ultra-violet  lines  which  may 
contribute  to  the  decrease  of  /.; ;  thus  the  general  scattering  may 
be  of  c|uite  subordinate  importance  for  all  wave-lengths  here  con- 
sidered. With  these  questions  we  are  lead  over  to  consider  the 
nature  of  the  Fraunhofer  lines. 

In  the  introduction  it  was  mentioned  that  for  the  extreme- 
violet  region  of  the  spectrum  the  line  absorption  seems  to  be  of 
rather  gi-eat  importance  for  the  average  run  of  the  energy-curve^ 
and  by  this  reason  it  would  be  a  matter  of  the  greatest  impor- 
tance to  know  more  thoroughly  the  conditions  that  prevail  in  the 
process  of  absorption  and  emission  for  these  singular  wave-lengths. 
For  the  lines  of  hydrogen  we  know,  for  instance,  that  the  radiation 
follows  qualitatively  the  laws  of  temperature  radiation,  that  the 
power  of  extinction  is  related  to  the  power  of  luminiscence,  and 
that  with  increasing  strength  of  excitation  the  relative  intensity  of 
the  short  wave-lengths  increases  ^ 

According  to  W.  H.  Julius  an  absorption  line  in  the  solar 
spectrum  would  be  mainly  formed  by  anomalous  refraction  and 
anomalous  scattering.  We  leave  out  of  consideration  here  the 
repulsion  between  the  components  of  narrow  pairs  of  lines  which, 
according  to  Julius,  ought  to  be  a  consequence  of  this  theory,  and 
the  existence  of  which  is  in  dispute"^.  But  if  the  power  of  emission 
of  the  gases  may  be  neglected,  a  further  consequence  would  be^ 
according  to  the  results  of  Sghwarzsghild  referred  to  above,  that 
the  intensity  of  radiation  in  a  line  ought  to  be  diminished  in  the 
proportion  3 :  1  from  the  center  of  the  solar  disk  to  the  limb. 
Because  the  intensity-fall  towards  the  solar  limb  for  the  continuous 
spectrum  increases  considerably  above  this  proportion  in  the  violet 
region,  we  should  expect  the  absorption  lines  of  short  wave-lengths 
to  be  less  conspicuous  at  the  limb  than  at  the  center,  and  the 
contrary  for  lines  of  longer  wave-lengths.  A  decided  difference 
of    this    kind   between  different  spectral  regions  does  not  seem  to- 


^  See  Kayser.  Handbuch  der  Spektroskopie,  Vol.  V,  p.  486, 

-  According  to  A.  S.  King  (Astrophys.  Journ.  45,  p.  254,  1917;  Mt  Wilson 

Gontr.    No.  130)    such  an  effect  cannot  be  discovered  for  electric  furnace  lines 

showing  strong  anomalous  dispersion. 
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be  present,  except  perhaps  for  the  strong  ultra-violet  Ihies.  Far- 
ther, from  Julius'  point  of  view  the  agi-eement  between  the  hne 
intensities  in  the  spectra  of  giants  and  dwarfs  of  the  same  spectral 
type  would  be  haid  to  understand,  the  former  stars  probably 
having  considerably  greater  atmospheric  masses.  Therefore  we 
may  doubt  it  the  natui-e  of  the  extinction  can  really  be  character- 
ized as  a  pure  scattering. 

From  the  similarity  of  the  solar  absorption  spectrum  at  center 
and  limb  we  may,  in  fact,  draw  some  conclusions  about  the  at- 
mospheric line  radiation.  We  denote  by  5  the  coefficient  of  ex- 
tinction for  a  line,  then  we  may  define  a  function  F  so  that  the 
total  emission  per  unit  volume  of  a  la3'er  for  the  line  in  question 
is  4f7isF.  The  function  F  is  thus  analogous  to  the  function  E  for 
a  radiation  of  temperature.  We  may  conclude  that  in  the  effec- 
tive layers  of  a  line  F  must  increase  towards  lower  levels:  if  it 
did  not,  the  intensity  of  radiation  in  a  line  would  not  decrease 
towards  the  limb.  If  we  were  concerned  with  a  pure  scattering 
of  an  incident  radiation  A  ds  doj  equally  distributed  over  one 
hemisphere,  we  should  have  F  =  hA.  Now,  as  before,  we  define 
th^  optical  mass 

(llLi  =  sdx , 

and,  as  we  may  suppose  Fq  >  0 ,  we  put 

F=Fo{i  -^  gift) -ft), (14) 

where  Fo  and  g  are  functions  of  2.  If  the  lines  were  formed  by 
pure  scattering,  w^e  should  have  g  =  tt  for  all  wave-lengths. 

For  the  continuous  radiation  we  may  put  a  similar  expression 

F  =  Foil  -r  fifi)  ■ /j)     ......     (15) 

Eo  and  /"  are  variable  with  the  wave-length;  further,  they  are 
functions  of  the  limiting  temperature  t. 

The  appearance  of  the  lines  at  the  solar  limb  would  now  be 
explainable,  if  we  could  suppose  a  common  radiative  equilibrium  for 
lines  belonging  to  the  same  element  in  analogy  with  the  equilibrium 
for  the  continuous  radiation.  If  we  suppose  for  the  different  wave- 
lengths approximately  the  same  deviations  of  gijti)  and  f(fi)  from 
the  mean  value  g  =  f  =  ^ ,  we  should  have,  according  to  p.  36, 
nearly  the  same  relative  intensity-fall  along  the  apparent  solar 
radius  for  the  lines  as  for  the  continuous  spectrum. 
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Such  a  radiative  equilibrium  for  the  hues  ^voukl  mean  that 
the  energy  absorbed  in  a  certain  spectral  line  is  spread  over  and 
•emitted  b)^  a  certain  number  of  different  spectral  lines,  and  in 
varying  proportions  for  different  states  of  excitation;  the  degree  of 
excitation  is  measured  by  the  value  of  F.  Thus  it  seems  as  if  we 
must  assume  a  connection  between  the  centra  of  resonance  for 
different  lines  permitting  an  exchange  of  energy  from  one  line  to 
another;  we  may  imagine  that  there  are  generally  different  pro- 
cesses of  emission  by  which  a  single  radiating  atom  can  return 
into  its  original  state  before  the  absorption,  but  it  is  also  possible 
that  w^e  are  here  concerned  to  some  extent  with  an  influence  of 
collisions  between  different  radiating  atoms.  When  only  the  ab- 
sorbing wave-length  is  left  open  for  emission,  the  process  must 
be  a  pure  scattering  of  the  radiation. 

Now  it  seems  from  the  appearance  of  giants  and  dwarfs  of 
the  same  spectral  type  as  if  the  transparency  of  the  atmospheres 
for  the  greatest  part  of  the  lines  were  independent  of  the  size  of 
the  atmospheres,  and  the  c^uestion  arises  if  this  can  be  explained 
according  to  the  principles  mentioned  above. 

Let  us  consider  the  effective  layers  of  a  number  of  lines  of  a 
certain  element  which  we  suppose  to  form  a  system  in  radiative 
equilibrium.  Now  we  know^  especially  from  the  investigations  of 
Ch.  E.  St.  John^  not  only  that  different  elements  have  different 
effective  layers  in  the  solar  atmosphere,  but  also  that  lines  of  the 
same  element  occur  up  to  very  different  heights;  thus  the  strong 
lines  have,  on  an  average,  higher  effective  layers  than  the  weak 
ones.  The  weakest  lines  in  the  solar  spectrum  are  probably  formed 
in  levels  with  rather  great  atmospheric  pressure.  Then  we  may 
suppose  that  the  members  of  the  special  system  of  lines  considered 
here  have  different  heights  too,  owing  to  special  conditions  of  radia- 
tion at  different  levels.  The  reason  why  the  solar  gases  absorb  and 
emit  any  discontinuous  radiation  at  all  may  ))e  sought  for  in  the  high 
temperature  of  the  gases,  or  perhaps  in  the  case  of  some  elements, 
for  instance  hydrogen,  in  the  occurrence  of  electric  discharges.  In 
the  state  of  radiative  equilibrium  the  power  of  resonance  for  a 
certain  line  may  depend  on  the  general  strength  of  excitation,  but 
also   on  the  temperature  and  density  of  the  gaseous  layers,  or  on 


^  Ch.  E.  St.  John,   Astrophys.  Joiirn.  38.  p.  341,  19 J 3;  Mt.  Wilson  Contr. 
Ao.   74.     Astrophys.  Journ.  40,  p.  356,  1914;  Mt.  Wilson  Contr.  No.  88. 
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the  presence  of  vapors  of  certain  other  elements.  It  this  way  the 
system  will  change  from  one  layer  to  another;  the  radiation  of 
some  lines  will  at  certain  points  of  the  atmosphere  pass  over  into 
layers,  in  which  the  general  continuous  radiation  for  those  wave- 
lengths prevails.  Then  if  we  consider  high  and  low  level  lines  of 
the  same  system,  and  if  we  consider  the  upper  limit  of  the  effec- 
tive layers  for  the  latter,  we  find  that  the  state  of  equilibrium 
demands  a  certain  minimum  intensity  of  the  discontinuous  radiation. 
For  if  the  average  continuous  radiation  towards  lower  levels  for 
the  wave-lengths  of  the  low  level  lines  were  in  a  certain  propor- 
tion more  intense  than  the  corresponding  radiation  for  the  higli 
level  lines,  it  would  tend  to  increase  the  degree  of  excitation  of 
the  whole  line  system. 

At  a  large  depth,  in  the  photosphere  itself,  the  discontinuous 
radiation  must  certainly  be  incorporated  in  the  general  radiation 
of  heat;  we  assume  that  it  gets  the  character  of  independent  dis- 
continuous radiation  at  a  certain  point  of  the  radius  in  the  thin 
gases  of  the  solar  atmosphere.  We  may  imagine  that  the  position 
of  this  point  is  determined  principally  by  a  certain  critical  value 
of  the  excitation,  for  it  is  probable  that  the  atomic  resonators 
cannot  bear  a  too  great  excitation  without  leaving  the  regular 
emission  of  distinct  spectral  lines  and  joining  the  general  system 
of  temperature  radiation.  Further  it  is  probable  that,  if  there 
were  no  perceptible  continuous  radiation  in  the  atmosphere,  the 
point  in  question  would  be  situated  at  a  rather  low  level  — 
making  the  lines  appear  very  dark  m  the  solar  spectrum,  because 
the  coefficient  of  extinction  is  likely  to  increase  rapidly  in  the 
dense  and  hot  inner  layers  —  but  that  a  minimum  value  of  Fq 
is  actually  fixed  by  the  continuous  radiation  inwards  from  the 
atmospheric  envelope  in  the  way  suggested  above,  and  that  for 
this  reason  the  low  limit  of  the  effective  layers  is  shifted  towards 
a  higher  level.  It  is  possible  that  there  may  be  a  serious  conflict 
betwen  the  conditions  of  radiation  at  the  low  and  high  limits  of 
the  effective  layers,  but  on  the  other  hand  the  controlling  power 
of  the  steady  flow  of  continuous  radiation  is  probably  very  strong, 
being  able  to  regulate  during  immense  spaces  of  time  perhaps 
even  the  relative  frequency  of  different  elements  at  different  levels. 

We  shall  try  to  examine  the  matter  for  a  somewhat  simpli- 
fied system  of  lines.  W^e  assume  the  coefficient  of  extinction  to 
be    the    same   for  both  high  and  low  level  lines  in  their  common 
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-effective  layers;  in  the  high  atmospheric  layers  the  high  level  lines 
are  assumed  to  have  the  coefficient  of  extinction  si  per  unit  mass 
of  the  atmospheric  gas.  The  coefficient  of  extinction  per  unit 
mass  for  the  continuous  radiation  in  the  same  layers  is  taken  to 
be  %i.  We  assume  both  sorts  of  lines  to  be  fairly  uniformly  di- 
stributed over  the  spectrum  and  consider  the  radiation  inwards  at 
the  average  upper  limit  of  the  effective  layers  of  the  low  level 
lines.  Suppose  m  is  tlie  atmospheric  mass  between  the  upper 
limits  of  the  effective  layers  for  the  two  sorts  of  lines  and  that 
the  high  level  lines  attain  a  very  great  height.  Then,  according 
to    equations  (G),   the  radiation  inwards  for  the  high  level  lines  is 

6'i  m  ■  ^Fq,  and  the  continuous  radiation  of  the  wave-lengths  cor- 
responding to  the  low  level  lines  is  %i  m  •  2£'o ; -Fo  and -Eo  are  average 
values  of  Fq  and  Eq  from  different  spectral  regions.  Equating 
the  two  expressions,  we  get 

Fo  =  -^o; (16) 

the  average  intensity  for  a  high  level  line  relative  to  the  surround- 
ing    spectrum    will    then   be  —  ,  independently  of  the  atmospheric 

Si 

mass.  For  the  low  level  lines  the  intensity  in  a  line  will  be  greater, 
because  we  look  through  more  transparent  optical  matter  into 
layers  of  higher  excitation.  For  this  reason  the  low  level  absorp- 
tion lines  of  a  system  will  fade  in  the  solar  spectrum  relative  to 
the  high  level  ones.  Of  course  all  lines  will  fade  when  their 
effective  layers  are  placed  near  the  photosphere  and  the  continuous 
radiation  inwards  and  outwards  from  the  overlying  vapors  becomes 
relatively  strong. 

For  a  giant  of  solar  type  we  may  expect  a  considerably  larger 
atmospheric  mass  per  unit  surface  of  the  photosphere  than  for  the 
sun ;  but  according  to  the  arguments  above  the  general  appearance 
of  the  spectral  lines  ought  still  to  be  the  same.  But  if  the  power 
of  absorption  for  a  low  level  line  decreases  i-apidly  with  decreas- 
ing density,  which  ought  to  be  the  case  especially  for  such  low 
temperature  lines  as  appear  faint  in  stellar  spectra  (other  low  tem- 
perature lines  ought  to  be  dark,  their  effective  layers  extending 
into  high  levels),  the  mass  m  defined  above  must  be  larger  for 
the    giant,    because    the    effective    layers    of   the  low  level  line  in 
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question  Avill  be  more  or  less  strongly  confined  to  the  vicinity  of 
the  photosphere.  The  intensity  of  radiation  in  the  effective  layers 
of  the  low  level  line  must  therefore  be  larger  in  the  giant,  and 
consequently  the  resulting  extinction  will  be  diminished.  The 
corresponding  absorption  line  ought  thus  to  fade  in  the  giant 
spectrum. 

On  the  other  hand,  in  the  case  of  those  lines  the  absorptive 
power  of  which  demands  a  certain  minimum  degree  of  excitation 
the  mass  m  ought  to  be  the  same  lor  the  dwai'f  and  the  giant; 
in  the  latter  star  the  effective  layers  will  thus  have  smaller  pres- 
sures and  densities  than  in  the  former.  For  this  reason  we  must 
expect  a  change  to  decidedly  stronger  coefficients  of  extinction  in 
the  effective  layers  of  enhanced  low  pressure  lines',  as  we  pass 
from  the  dwarf  to  the  giant.  From  these  conclusions  it  seems 
as  if  we  may  explain  from  our  point  of  view  the  changes  of  line 
intensities  with  stellar  luminosity  on  which  Adams  and  Kohl- 
sghutter's  method  depends-. 

The  strongest  lines  observed  bv  W.  S.  Adams ^  in  the  solar 
spectrum  seem  to  show"  a  somewhat  greater  contrast  to  the  con- 
tinuous spectrum  at  the  limb  than  at  the  centei'.  Then,  accord- 
ing to  our  theory,  in  the  case  of  the  low  level  lines  of  a  system 
the  contrast  to  the  continuous  spectrum  ought  to  be  more  constant 
over  the  disk  and  ought  ultimately  to  decrease  towards  the  limb,, 
because  for  those  lines  we  look  more  directly  into  layers  where  Fi& 

greater    and    therefore    the    relative  increase  -^^  per  unit  optical 

mass  becomes  smaller.  The  observations  show  that  the  faint  lines 
of  very  heavy  elements,  as  well  as  the  enhanced  lines  with  great 
intensity  in  the  flash  spectrum,  fade  strongly  towards  the  limb. 
This  is  also  the  case  with  the  wings  shown  by  many  of  the  strong 
lines  and  it  indicates  that  they  are  formed  at  relatively  low  levels. 
It  seems  as  if  —  in  accordance  with  our  theory  —  there  were 
the  general  rule  that  lines  with  great  excitation  even  in  their 
upper  effective  layers  fade  at  the  limb;  those  of  weak  excitation 
are  more  constant  or  even  strengthened. 


'  That  the  enhanced  hnes  Ti  are  favoured  by  low  pressures  has  been 
found  by  H.  G.  Gale  and  W.  S.  Adams.  Astrophys.  Journ,  35,  10,  1912;  Mt. 
Wilson  Contr.  No.  .58. 

■^  See  W.  S.  Adams  and  A.  H.  Joy,  loc.  cit. 

3  W.  S.  Adams,  Astrophys.  Journ:  31,  p.  30;  Mt.  Wilson  Contr.  No.  43. 
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We  must  now  consider  the  possibility  tliat  from  a  certain 
level  a  high  level  line,  or  a  couple  of  such  lines  in  a  certain 
spectral  region,  may  be  left  as  the  only  members  of  a  system. 
Then  we  shall  have  for  such  lines  a  pure  scattering  with  ^  =  2, 
and  the  actual  value  of  Fo  for  these  lines  will  depend  on  the 
scattering  ma.ss.  These  facts  will  be  of  importance  for  the  appea- 
rance of  the  flash  spectrum,  because  the  magnitude  of  F  will  be 
decisive  for  the  visibility  of  flash  lines  of  the  same  effective  level 
in  the  solar  atmosphere.  For  at  the  solar  limb  we  look  tlu'ough 
gaseous  matter  of  very  great  extension  in  the  line  ol  sight  and 
therefore  the  magnitude  of  the  absorptive  power  will  be  of  sub- 
ordinate importance. 

When  the  heights  of  the  lines  in  the  flash  spectrum  photo- 
graphed by  Mitchell  were  put  in  relation  to  the  wave-length, 
St.  John^  found  a  pronounced  increase  of  height  from  the  long 
wave-lengths  into  the  ultra-violet  part  of  the  spectrum;  this  fact 
may  be  due  to  an  increase  in  the  height  of  the  effective  layers 
or  to  a  regular  increase  of  Fq  with  the  wave-length.  The  latter 
explanation  is,  in  fact,  for  relatively  long  wave-lengths  a  natural 
consequence  of  our  theory.  But  according  to  (16)  we  must  expect 
a  decrease  of  Fo  when  we  go  to  the  ultra-violet  lines;  this  con- 
clusion is  conflrjned  by  the  fact  that  the  difference  betwen  flash 
and  solar  intensity  decreases  very  strongly  when  we  pass  from 
the  violet  to  the  ultra-violet  region^.  The  decrease  of  intensity 
outwards  at  the  limb  itself  is  very  strong  in  the  latter  region; 
according  to  Sghwarzsghild"^  the  ultra-violet  radiation  is  quite  pre- 
dominant at  the  extreme  strip  of  the  solar  di.sk  (breadth  of  the 
strip  only  some  sec.  of  arc).  The  visibility  of  ultra-violet  flash 
lines  up  to  very  high  levels  seems  thus  to  indicate  abnormally 
high  values  of  F  in  the  upper  atmospheric  regions,  and  it  seems 
as  if  we  may  conclude  that  the  character  of  the  extinction  in  the 
ultra-violet  lines  is  here  successively  transformed  into  a  pure  scat- 
tering. 

We  must  add  that  the  intensities  at  the  solar  limb  of  strong 
ultra-violet  absorption  lines  given  by  Adams  support  this  view. 
From  40  lines  between  i  3741  A  and  3910  A  we  find  by  adding 

1  Astrophy.s.  Journ.  40.  p.  37^2;  Mt.  AVilson  Contr.  No.  88. 
^  loc.  cit. 

^  K.  ScHWARZscHiLD  Abli.  del'  K.  Ges,  der  Wiss.  zu  Gottingen,  N.  F.  Bd. 
V,  No.  -2,  lUOe;. 
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together  the  intensities  for  center  and  limb  on  the  Rowland  scale  that 
the  ratio  of  intensit}^  center:  limb  is  1.48.     For  the  region  /  5000 

o 

— 5500  A  we  have  from  60  lines  the  proportion  0.08.  hi  this 
region  two  lines  with  intensities  exceeding  20  were  excluded  in 
order    to    make    the    t-wo    regions   more  comparable.     Further,  50 

O  G 

lines  of  corresponding  intensities  between  A  4200  A  and  4400  A 
gave  the  value  1.09  for  the  absorption  line  intensity  at  the  center 
relative  to  that  at  the  limb.  This  seems  to  establish  the  difference 
between  the  strong  violet  lines  and  the  strong  ultra-violet  ones; 
the  latter  seem  to  form  more  or  less  separate  systems. 

A  matter  of  the  greatest  importance  in  this  connection  is  that 
we  have  reason  to  think  that  the  transparency  of  the  solar  en- 
velope for  the  high  level  ultra-violet  lines  cannot  be  regulated  in 
•quite  the  same  way  as  was  probable  for  other  lines.  According 
to  Planck's  theory  of  energy-quanta  the  absorption  and  emission 
in  the  radiating  atom  is  a  process  of  greater  exchange  of  energy 
for  short  wave-lengts  than  for  long  ones,  the  energy-quantum  being 
inversely  proportional  to  the  wave-length,  and  at  least  if  we  try 
to  connect  our  theory  with  Bohr's^  model  of  the  radiating  atom, 
we  must  conclude  that  a  distribution  of  the  energy  absorbed  in 
a  line  over  a  series  of  lines  ought  to  occur  mainly  from  lines  of 
short  wave-length  to  lines  of  longer  wave-lengths,  in  accordance 
with  the  laws  of  fluorescence  phenomena.  Accordingly  the  low 
level  lines  preserving  the  transparency  of  the  solar  envelope  from 
decreasing  ought  on  an  average  to  be  placed  to  the  violet  side  of 
the  high  level  lines,  in  order  to  be  effective  in  this  respect.  In 
the  ultra-violet  region,  however,  the  continuous  radiation  inwards 
from  the  atmospheric  layers  must  be  very  small,  probably  too 
small  to  regulate  perfectU^  in  spite  of  occasional  disturbancies  of  the 
equilibrium,  the  intensity  of  radiation  in  eventually  coordinated 
high  level  lines.  Therefore  we  have  some  reason  to  believe  that 
the  strong  ultra-violet  lines  of  high  levels  form  more  or  less  sepa- 
rate systems,  and  that  the  resulting  extinction  is  not  controlled 
by  the  continuous  radiation  of  the  atmospheric  envelope  but  in- 
creases with  increasing  atmospheric  mass.  This  view  is  supported 
to  some  extent  by  the  strong  development  of  ultra-violet  lines  in 
stellar  spectra  of  late  types.  Just  because  of  the  accumulation  of 
strong  absorption  lines  in  the  ultra-violet  region  the  effect  of  a 
probable    increase    of    atmospheric    mass  from  a  dwarf  to  a  giant 

'     See  for  insl.  N.  Bohr,  Phil.  Mag.  26,  p.   1,   1913. 
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ought  to  be  very  perceptible  in  this  part  of  the  spectrum.  It  is 
of  great  importance  in  this  connection  to  note  that  the  selective 
power  of  extinction  seems  to  be  distributed  over  considerable  parts 
of  the  continuous  spectrum,  the  lines  being  involved  in  strono- 
»wings»;  the  large  amount  of  anomalous  dispersion  found  by  A. 
S.  KiNG^  for  the  strong  ultra-violet  lines  of  iron,  chromium  and 
titanium  is  of  interest  here.  For  stars  of  very  strong  luminosity 
the  hues  and  their  wings  ought  almost  to  »cut  off»  the  extreme 
part  of  the  continuous  spectrum. 


3.     The  solar  energy-curve. 

The  discussion  of  all  the  matters  treated  above  becomes  very 

important,  when  we  pass  on  to  the  ultimate  object  of  this  chapter, 

the    solar    energy-curve.     In    agreement    with    the    statements    on 

page  38,  w^e  see  from  table  4  that  X  0.'501  ^t  is  very  near  to  the 

medium    wave-length    for    which    the    energy-distribution  over  the 

solar    disk    follows    most  closely  the  approximate  expression  for  a 

T  .•              -Ti    •          ■T?f\      1+2  cos  ^     .   ,    , 
radiative   equilibraim,  i^(^)  = ,  tabulated  in  the  last  line 

o 

of  the  table.  The  assumption  /,:  =  1  must  be  most  strictly  appli- 
cable to  this  wave-length,  and  thus  we  have  some  reasons  for 
regarding  the  value  of  aX  for  this  region  of  the  spectrum  as  espe- 
cially characteristic  for  the  actual  conditions  of  temperature  in  the 
solar  envelope.  Now,  according  to  table  3,  we  have  aX  very  nearly 
^qual  to  2.00  from  X  0.456  fi  to  X  0.534  fi.  This  value  is  more- 
over almost  valid  for  all  values  of  q  less  than  0.825;  the  residuals 
for  Q  =  0.92  and  0.95  would  demand  aX  to  be  somewhat  larger. 
As  we  may  expect  the  greatest  deviations  from  our  theory,  on 
account  of  the  necessary  simplifications,  for  great  values  of  X  and 
^,  we  thus  adopt,  remembering  the  signification  of  aX, 

—  =  2  00 

0 

Avhere    To    is   the  effective  temperature  of  the  sun's  center  as  de- 


1  A.    S.   King,    Astrophys.    Jourii.    45,    p.  254,    1917;    Mt.    Wilson    Contr. 
i\o.  130. 

B.  Lindblad:    Continuous  spectra  of  the  sun  and  the  fi.xed  stars.  4, 
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fined  above.  For  c  we  adopt  the  value  ^  14300,  and  thus  we 
have 

To  =  7150^ 

For  the  temperature  of  the  extreme  atmospheric  layers  we  get 

%  =  5430" . 

The    effective    temperature    of  each  wave-length  for  the  total 
radiation  of  the  solar  disk  will  be 

r  =  ^' 
M 

Avhere  M  is  the  value  of  M  corresponding  to  the  zone  of  the- 
disk  where  the  radiation  from  unit  surface  is  equal  to  the  mean 
surface  brightness  for  the  w^hole  disk.  If  every  point  of  the  solar 
disk  were  made  to  have  this  particular  value  of  ilf,  that  is  the- 
effective  temperature  T,  and  the  corresponding  value  of  i  in 
^5,£,  then  the  total  radiation  of  a  certain  wave-length  reaching 
the  earth  w^ould  still  be  the  same  as  before.  The  mean  surface- 
brightness  for  each  wave-length  was  determined  by  dividing  the  solar 
disk  into  ten  zones,  and  multiplying  the  area  of  each  zone  by  the 
corresponding  intensity  from  the  table  of  Abbot,  P'owle  and  Aldrich 
(the  observed  values  in  table  4);  if  the  zonal  areas  are  expressed 
in  the  area  of  the  whole  disk  as  a  unit,  we  have  at  once  the- 
average  intensity.  The  particular  zone  having  this  average  inten- 
sity was  then  found  by  graphical  construction.  The  radius  in 
question  is  nearly  the  same  for  all  wave-lengths;  we  find  ()  =  0.74 
and  thus 

log  M  =  0.02675  , 

and  finally 

T  =  6720" 

Thus  the  solar  energy- curve  will  be  given  by  the  formula 

1=  I{,,,CoPA(P-i)      , (17) 


^  Tatigkeitsbericht    der  Phys.-Techn.  Reichsanstalt,  Zeitschrift  fiir  histru- 
mentenkunde,  Bd.  36,  p.  85,  1910. 
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where  we  have  to  put 


and  further 


T  =  6720*^ , 


6  =  A  ,  £  =  2  cos  i  =  1.345  , 


where  i  is  the  angle  i  corresponding  io  q  =  0.74. 

If  we  want  /  to  give  the  intensity  of  the  solar  radiation  at 
the  distance  of  the  earth,  measured  in  gr.  calories  per  cm^  per  minute, 
we  derive  Co  in  the  following  way.  We  have  Ci=nC  for  the 
constant  in  Planck's  formula  apphed  to  the  total  radiation  out- 
wards from  a  black  body  surface.  Now  we  have  for  the  con- 
stant Ci^ 

Oi  = 


6  •  1.0823  ' 

where  g  is  the  constant  in  Stefan-Boltzmann's  law.  If  the  inten- 
sity of  radiation  is  measured  in  the  units  cited,  w^e  have,  according 
to  Kurlbaum's^  determination, 

G  =  76.8  •  10-12 , 

and  thus,  c  being  assumed  to  be  14300, 

log  Ci  =  5.69422  . 

If  r  is  the  radius  of  the  sun,  R  the  distance  between  the  sun 
and  the  earth,  we  have 

T 

and  thus,  as  -^  is  very  nearlv  =  sin  16'.0,  we  get 

log  Co  =  1.02991 

For    the    energy-curve    observed    I  have   taken    the  values  of 
G.  G.  Abbot ^    which    are    derived   as  the  mean  of  several  deter- 

^  See  for  inst.  M.  Pl.4nck,  Ann.  der  Physik.  4,  p.  562.  1901. 

2  F.   KuRLBAUM,   Wied.  Ann.  65,  p.  759,  1898.     More  recent  investigations 
indicate  a  value  of  a  a  few  per  cent  higher. 

3  C.  G.  Abbot.  Astrophys.  Journ.  .34,  p.  197,  1911;  Annals  of  the  Smithson. 
Inst.,  Appendix  to  Vol.  III. 
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iiiinations  at  different  times  and  with  different  instruments  at  the 
three  stations  of  Washington,  Mount  Wilson,  and  Mount  Whitney. 
The  values  for  the  separate  wave-lengths,  which  are  given  on  an 
arbitrary  scale,  were  reduced  in  such  a  way  that  the  surface  be- 
low the  curve  should  be  equal  to  the  average  value  of  the  solar 
constant  1 .932,  given  by  Abbot,  Fowle  and  Aldrich.  By  graphical  inte- 
gration the  surface  was  found  to  be  3.352  on  the  arbitrary  scale. 
The  factor  f  with  which  the  observed  values  are  to  be  multiplied 
will  thus  be 

^  1L932 
'  '  3.352 ' 

log  /•=  9.76071  . 


For  the  wave-length  0.6  ^i  we  get,  for  instance,  by  applying 
the  formula  (17)  the  intensity  Icomp  =  3.933.  The  observed  value, 
reduced  in  the  manner  described,  will  be  lobs  =  2.906.    If  we  use 

-Lobs 


the  notation  y  = 


Z 


comp 


we  get 


7  =  0.739 


We    may    account    for    the    factor  y  by    changing   T,  c.  or  o. 


We  nuist,  however,  consider  the  coincidence  betwen  Iromp  and 
lobs  to  be  rather  close,  because  y  is  very  sensitive  to  small  changes 
in  T  and  c.  In  order  to  get  7=1  we  should  have  T  about  6200^, 
or  c  =  13300,  but  we  prefer  to  keep  the  old  values  unchanged  and 
multiply  our  values  of  Iromp  with  the  value  of  7  found,  in  order 
to  get  coincidence  at  the  w^ave-length  0.6  fi.  The  new  intensities 
thus  derived  are  denoted  by  I'comp  • 

The  observed  and  computed  intensities,  reduced  in  the  ways 
described  above,  are  now  tabulated  in  table  5.  The  last  line  of 
the  table  contains  the  factor  Ky.e- 


Table  5. 


/.  I0.3O//  0.35^  0.40^'0.45a'0.47iup.60a'0.80/u  1.00^1.30^  1.60 w|2.00^ 


lobs 

1  comp 

K 


0.311!  I..5472..5OO!  3.474 


0.955  0.518 


0.307!  0.145 


3.5971  2.906  1.536 

3  094  3.633,  3.853  3.791  i  3.714  2.906'  1.736:  im-2  0.492;  0.261  0.126 

1.139   1.048^  1.011  0.989'  0.9831  0.961,  0.954)  0.954'  0.957,  0.960  0.963 
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The  results  are  illustrated  in  fig.  3.  The  dotted  curve 
is  the  energy-curve  observed,  the  full-drawn  one  is  the  computed 
one.  We  ignore  for  a  moment  the  behavior  of  (he  curves  in  the 
extreme  violet,  and  state  at  once  that  the  coincidence  of  the  two 
curves  between  I  0.47  and  I  2.00  i^i  is  rather  close.  In  this  re- 
spect the  effective  temperature  derived  for  the  part  of  the  spectrum 
about  X  0.5  i^i  is  thus  nearly  valid  for  longer  wave-lengtlis  too, 
even    far    beyond    the    visible    spectrum.     The    inclinations  of  the 
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Fig-. 


two  curves  differ  perceptibly  for  the  wave-lengths  0.7  ^t — 1.5  |t*; 
if  we  determine  the  effective  temperature  from  the  distribution  of 
intensity  in  this  region,  we  find  a  far  too  low  value.  At  least 
to  some  extent  this  may  be  due  to  the  correction  which  ought  to 
be  applied  to  »Sghuster's  approximation  >.  On  the  other  hand,  for 
the  wave-lengths  0.52  —  0.65  ii  the  strong  inclinations  of  the  two 
curves  are  almost  exactly  the  same.  It  is  interesting  to  compare 
this  fact  with  the  run  of  the  residuals  in  the  vertical  columns  of 
large  q  in  table  4.     There  is  a  marked  minimum  of  the  residuals 
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for  i  0.534  f^i  and  i  0.604  ^*;  perhaps  the  coincidence  of  these 
two  facts  for  this  part  of  the  spectrum  is  not  a  mere  chance. 
Beyond  X  2.00  fi  the  energy-curve  observed  dechnes  rapidly,  but 
the  accuracy  of  the  curve  beyond  this  wave-length  is  rendered 
uncertain  by  the  effett  of  teri'estrial  water  vapor. 

Previously  we  have  seen  that  the  introduction  of  the  variable 
factor  K  has  diminished  the  change  of  the  product  a?^  with  the 
wave-length  as  well  as  the  magnitude  of  the  residuals  i  table  4. 
Now  the  factor  K  is  a  direct  expression  of  the  fact  that  the  energy- 
curve  is  a  blending  of  the  radiation  from  successive  layers  of 
different  temperatures,  the  layers  being  assumed  to  be  arranged 
into  radiative  equilibrium.  This  equilibrium  is,  however,  almost 
the  same  as  that  of  the  polytrope  n=  5S  that  is  a  state  not  far 
from  the  isothermic  one.  The  vertical  movements  which  perhaps 
occur  to  some  extent  also  in  the  outer  layers  of  the  solar  vapors, 
for  instance  in  granulations  and  sun-spots,  must  have  a  slight 
tendency  to  bring  about  an  adiabatic  equilibrium  with  a  strong 
temperature  gradient.  Possibly  some  trace  of  discrepancy  may 
be  due  to  such  perturbations  of  the  radiative  equlibrium.  They 
would  undoubtedly  cause  a  more  rapid  rise  of  the  maximum  of 
energy  on  the  side  of  the  longer  wave-lengths;  further  an  adia- 
batic equilibrium  leaves  a  strong  intensity-fall  on  the  solar  disk; 
a  tendency  in  this  direction  might  explain  the  negative  residuals 
of  great  q  in  table  4. 

The  phenomena  related  to  the  variability  of  tlie  solar  radia- 
tion found  by  Abbot,  Fowle  and  Aldrich  are  of  extraordinary 
interest  in  this  connection.  They  find^  that  the  increase  of  solar 
activity  shown  in  an  increase  of  the  solar  constant  seems  to  run 
parallel  with  an  increase  of  the  number  of  sun-spots,  a  more  rapid 
rise  of  the  maximum  of  energy  in  the  spectrum,  and  finally  an 
increased  falling  off'  of  the  intensity  along  the  apparent  radius. 
The  changes  of  contrast  between  center  and  limb  are  considerably 
larger  than  our  residuals  for  the  observed  mean  values  i  table  4. 
The  maxima  of  the  solar  activity  perhaps  involve  a  disturbancy  of 
the  radiative  equilibrium  and  an  advance  towards  an  adiabatic  state. 

The  most  conspicuous  feature  of  the  energy-curve  observed 
is,  however,  the  sudden  decrease  of  intensity  at  i  0.45  i^i.  We 
may    state  at  once    that  a  decrease  of  the  constant  U  made  prob- 


1  R.  Emden,  Gaskugein,  p.  323;  Teubner,   1907. 

2  loc.  cit. 
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able  by  the  tables  3  and  4  and  discussed  on  pp.  47,  48  would 
have  the  effect  of  diminishing  the  effective  temperature  T  in 
equation  (17)  for  the  violet  region,  and  it  is  evident  that  the  de- 
pression of  the  observed  energy-curve  may  be  partly  due  to  such 
a  cause,  originating  in  the  very  effective  layers  of  the  radiation. 
For  X  0.35  fi  we  may  well  reckon  with  a  value  of  h  as  small  as 
0.8,  and  this  w^ould  cause  a  depression  of  the  intensity  for  that 
wave-length  in  the  proportion  1  :  0.83;  the  ratio  between  I'comp  and 
lobs  in  table  5  is  1  :  0.43.  It  would  be  hard  to  reduce  k  to  a 
value  which  would  correspond  to  the  latter  ratio. 

But  there  is  also  another  circumstance  of  importance  here. 
We  have  found  above  that  the  principle  of  radiative  equilibrium 
leads  on  the  whole  apparently  to  a  better  concordance  with  the 
observations  for  the  separate  wave-lengths  than  for  the  integral 
radiation,  as  far  as  the  distribution  of  intensity  over  the  solar 
disk  is  concerned.  We  can  understand  the  cause  of  this,  if  we 
notice  the  way  in  whicli  the  observed  values  of  that  table  were 
derived.  If  the  energy-curve  did  not  show  the  depression  in  the 
extreme  violet,  the  rapid  energy-fall  for  these  wave-lengths  along 
the  radius  would  have  more  influence  upon  the  integral  intensities 
for  the  different  zones,  leading  to  a  better  agreement  with  the 
formula. 

This  undoubtedly  points  to  the  conclusion  that  a  part  of  the 
deformation  of  the  curve  takes  place  where  the  general  value  of 
;;  -f  a  is  already  rather  small,  i.  e.  in  relatively  thin  and  high 
levels.  In  this  way,  though  a  scattering  of  opalescence,  that  is  a 
general  increase  of  ;i  +  o",  may  have  some  influence,  we  must 
consider  a  great  part  of  the  depression  to  be  due  to  an  extinction 
in  the  very  atmosphere  of  the  sun,  and  probably  to  the  influence 
•of  the  strong  accumulation  of  Fraunhofer  lines  in  the  extreme 
violet.  If  we  suppose  the  lines  to  be  produced  by  scattering  with 
the  coefficient  Co,  we  should  have 

^0  =  foodx 

—  00 

for  the  effective  optical  mass  of  the  layers  contributing  sensibly 
to  the  formation  of  the  line  in  question.  At  all  events  we  assume 
that  the  depression  of  the  energy-curve  follows  the  law 

1   +  ^lo 
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where  S  is    the  original,  JR  the  remaining  intensity,  //o  a  function 
of  A. 

We    now    try    to    adopt  for  /.lo  an  emperical  function,  putting 


^^0  -  ^0  '   A 


(18) 


From    the    ratios    of   lohs   and  Tcomp  for  wave-lengths  0.3  fi— 
0.4  jLi  in  table  5  we  fmd 

n  =  10,  Co=  5   10-^ 

We  now  use  the  notation 

1 


J"       = ^ r 

-*•   ccmp  ^  -*-  comp    i 


5  •  lO""* 
and  for  ^o  =  — ^^7;—  get  the  values  of  I"  in  table  6. 


(19> 


yl 


Table  6. 

A 

0.30^ 

0.35  n   0.40  ^  1  0.45  ^ 

0.47 /u 

0.60^ 

lobs 
1    comp 

0.311 
0.327 

1 
I..547  I  2.500     3.474 
1.292  i  2.609  1  3.306 

3.597 
3.392 

2.906 

2.882 

The  above  expression  for  I"  is  only  valid  for  the  avarage- 
intensity-fall  towards  the  .short  wave-lengths.  The  real  course  of 
the  energy-curve  seems  to  have  very  rapid  change.s,  and  thus  the 
rise  of  the  curve  from  a  region  of  specially  strong  selective  extinc- 
tion may  certainly  be  much  more  rapid  than  that  which  follows 
the  tenth  power  of  the  reciprocal  wave-length. 

Before  we  leave  the  discussion  of  the  solar  radiation,  we  shall 
briefly  mention  some  values  of  the  solar  effective  temperature, 
derived  by  different  methods.  These  methods  assume  that  a  certain 
quality  of  the  solar  radiation  may  be  represented  by  the  corres- 
ponding property  of  a  perfect  radiator  of  a  certain  temperature. 
But  because  there  are  appreciable  sy.stematic  deviations  of  the 
energy-curve  from  that  of  a  black  body,  the  different  methods 
cannot  give  coincident  results. 

Stefan-Boltzmann's  law  applied  to  the  value  of  the  solar  con- 
stant 1.932  gives  the  temperature  5830",  but  it  is  evident  that 
the  law  in  question  cannot  give  a  value  characteristic  for  the  general 
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efiergy-distribution  in  the  spectrum,  since  a  great  part  of  the 
radiation  in  the  extreme  violet  is  extinguished,  by  which  a  con- 
siderable distortion  of  the  energy-curve  occurs.  Nevertheless  there 
is  of  course  a  special  sense  in  which  this  value  may  be  called 
the  effective  temperature  of  the  sun;  we  then  define  this  quantity 
as  the  temperature  of  a  black  body  emitting  the  same  integral 
energy  per  unit  surface  as  the  sun.  In  the  foregoing  we  have 
found  the  temperature  corresponding  to  the  absolute  intensities  in 
the  visible  and  infra-red  specLrum  according  to  Planck's  law  to 
be  about  6300^  a  value  which  is,  however,  subject  to  conside- 
rable uncertainty. 

Wien's  displacement  law  for  the  wave-length  of  maximum 
energy  cannot  be  strictly  applied,  because  the  position  of  the 
maximum  is  probably  altered  by  the  extinction  in  the  violet. 

Another  method  employing  the  relative  distribution  of  inten- 
sity between  the  wave-lengths  of  a  certain  spectral  region  depends 
on  the  solution  of  some  equations  formed  in  accordance  with 
Planck's  formula.  For  the  energy-curve  of  Abbot  this  method 
leads  to  very  different  values  for  different  parts  of  the  spectrum^. 
WiLSiNG^  applies  this  method  to  the  determinations  of  the  energy- 
curve  derived  by  himself;  between  I  0.400  ii  and  I  2.128  ^i  he 
gets  the  value  5900^  for  the  total  radiation  from  all  parts  of  the 
solar  disk,  6900^  for  the  radiation  af  the  center.  These  values 
ought  to  be  diminished^  by  about  120^  to  correspond  to  the  value 
of  c  =  14300.  These  values  seem,  how^ever,  to  be  appreciably 
affected  by  the  falling  off  of  the  energy-curve  between  I  0.420  i^i 
and  I  0.400  ^i.  Now  Wilsing  applies  the  same  method  to  Abbot's 
curves  for  different  zones  of  the  solar  disk,  excluding  the  wave- 
lengths 0.323  II  and  0.386  ^.  For  the  center  he  gets  the  tempe- 
rature 6810^  (c  =  14300),  for  the  limb  he  finds  by  extrapolation 
5440^.  According  to  Wilsing's  theory  the  latter  value  ought  to 
be  the  temperature  of  the  surface  layer  of  the  cloudy  photosphere. 
There  is  a  very  remarkable  coincidence  between  this  value  of 
Wilsing  and  the  value  for  the  corresponding  quantity  %  in  this 
paper,  which  was  found  to  be  5430^  by  an  examination  of  the 
energy-distribution  along  the  radius  of  the  solar  disk. 

In   the   theory    of   radiative    equilibrium    it    is    especially  the 


1  C.  G.  Abbot,  The  Sun.  p.  112. 

2  Puhl.  des  Astrophy.s.  Obs.  zu  Potsdam.  Nr.  72.  1917. 
^  loc.  cit.  p.  96. 
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quantity  t  that  has  a  real  phj^sical  significance,  the  effective  tempe- 
j-ature  for  the  center  To  being  in  some  degree  a  fictitious  quan- 
tit}^  as  long  as  we  do  not  try  to  find  where  the  effective  layer 
corresponding  to  this  temperature  is  situated.  But  as  K  is  very 
near  unity,  the  meaning  of  the  term  effective  temperature  will  be 
nearly  the  same  as  in  the  previous  method  cited.  Our  value 
for  the  total  radiation  of  the  disk,  giving  a  good  approximation 
to  the  intensity  distribution  of  the  visible  and  infra-red  parts  of 
the  spectrum,  is  6720".  The  derivation  of  this  value  depends 
entirely  on  the  value  of  t  and  thus  on  the  distribution  of  inten- 
sity along  the  apparent  radius  of  the  sun. 


11.     The  influence  of  luminosity  on  the  spectral 
energy  distribution  for  late  type  stars. 

For  a  discussion  of  the  influence  of  varying  kiminosity  on  the 
distribution  of  spectral  energy  we  start  from  the  results  for  the 
solar  radiation  derived  in  the  previous  chapter.  The  sun  is  among 
the  stars  a  dwarf  of  type  Go  in  the  Harvard  classification;  belov^^ 
we  shall  let  it  represent  a  dwarf  of  an  arbitrary  type  not  very 
iiifferent  from  the  solar  stage. 

Equations  (17)  and  (19)  may  now  be  condensed  in  the  follow- 
ing way,  the  factor  K  being  put  equal  to  unity, 

/  =  :p^\-2-°(eA^-l] (20) 


1  +  //o 


where    T=  on,  %  =  t{\  +  tm)   t^  hi  =  I {z  +  g)  dx    Here    oj    is    a 

— 00 

constant  equal  for  all  stars,  %  is  the  temperature  of  the  extreme 
radiating  layers,  t  and  m  are  the  temperature  and  the  overlying 
optical  mass  for  a  layer  of  depth  H  below  a  certain  surface  of 
reference.  For  the  sun  we  had  found  %  =  5430^  and  T  =  0720^, 
further  /to  on  an  average  equal  to  5  •  10~^>^~^*^. 

Now    for    a    solar    star    of   arbitrary    absolute   magnitude  we 
may  put 

r  =  on',  T  =  t'{[  4  2m)- K 

and  we  then  have  the  ratio  of  the  spectral  intensities  of  the  star, 
and  the  sun 

c 

I'  _e;7-l, (21) 

where 

r  _  r /I  +  2w\i 
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for  a  spectral  region  where  the  intensities  follow  the  laws  of  black 
body  radiation;  for  another  region  we  suppose 

Now  suppose  we  compare  a  giant  and  a  dwarf  of  tiie  same 
spectral  type.  Then  it  is  very  probable  that  for  both  stars  we  shall 
have  to  count  the  photosphere,  i.  e.  the  layer  immediately  below 
the  effective  layers  of  the  absorption  lines  of  the  low  level  elements \ 
from  a  point  of  the  radius  where  the  density  of  tlie  vapors  gets  a 
certain  value.  We  must  suppose  nearly  the  same  temperatures 
for  these  critical  layers;  we  then  have  the  same  pressures  also. 
and  the  similarity  of  the  absorption  spectra,  the  characters  of  which 
depend  on  the  partial  density  of  the  vapors  of  different  elements,, 
must  seem  quite  natural. 

W.  S.  Adams ^  has  made  an  investigation  of  the  differences 
of  displacement  for  a  great  number  of  lines  of  different  kinds  in 
the  spectra  of  Sirius,  Procyon,  and  Arcturus  relative  to  the  solar 
spectrum,  in  order  to  get  some  knowledge  about  the  effective 
pressures  in  the  atmospheres  of  these  stars.  From  the  differences 
of  displacement  between  enhanced  lines  and  arc  lines  Adams  finds 
for  Sirius,  spectral  type  A  0,  and  Procyon,  a  dwarf  of  type  F  5, 
pressures  12  and  7  atm.  greater  than  in  the  sun's  reversing  layer. 
For  Arcturus,  a  giant  of  type  K  0,  the  difference  of  displacement 
seems  to  be  vanishingly  small.  Thus  we  must  assume  the  at- 
mospheric pressures  to  decrease  towards  later  types;  equality  of 
the  pressures  in  the  reversing  layers  of  giants  and  dwarfs  is  not 
at  variance  with  these  results. 

1.  According  to  the  results  of  the  researches  in  stellar  spectro- 
photometry mentioned  in  the  introduction  we  know  that  for  the  visual 
part  of  the  spectrum  the  energy-curves  of  giant  spectra  follow  nearly 
the   laws  of  black  body  radiation.     For  the  moment  we  therefore 

leave  out  the  factor  - — '--^  ,  which  evidentlv  becomes  appreciable 

1      T    /to 

first  in  the  violet  region,  and  consider,  to  begin  with,  the  general 


*  It  i.s  evident  that  this  definition  of  the  photosphere  is  not  the  same 
as  that  given  by  J.  H.  Jeans,  Monthly  Notices  78.  p.  35. 

-  W.  S.  Adams.  Astrophys.  Journ.  33,  p.  64,  1911;  Mt.  Wilson  Contr. 
No.  50. 
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T 

luminosity  effect  included  in  the  ratio  y,  of  the  effective  tempera- 
tures. 

Suppose  niQ  and  m'o  are  the  optical  masses  above  the  photo- 
spheres for  the  dwarf  and  the  giant.  For  the  atmospheric  layers 
we  may  suppose  %  and  g  simply  proportional  to  the  density,  and 
we  then  have 

niQ  _  mo' 

niQ       nio  ' 

where  mo  and  nio'  are  the  atmospheric  masses.  If  M  is  the  mass, 
Q  the  mean  density,  and  r  the  radius  of  the  dwarf,  and  if  we 
put  ^0  foi"  tii6  pressure  at  the  photosphere,  we  have,  because  the 
•overlying  shell  of  vapors  may  be  regarded  as  being  very  thin, 


where  Ic  is  a  constant,  and 


,  Mmo 

i^o  = 

M 

Q^ 

4      .• 

In  the  expression  for  po  we  have  not  taken  into  account  any 
attractive  or  repulsive  force  except  gravitation.  It  is  possible  that 
radiation  pressure  may  be  of  importance  for  the  photospheric  layers, 
at  least  from  Wilsing's  point  of  view;  for  the  purely  gaseous  atmo- 
spheric layers  it  is  probably  negligible. 

Eliminating  r  we  have 

mo  =  C  • 


M 


1         2 
3   —Y 


where  C  is  a  numerical  constant.    Now  we  have  a  corresponding 
relation  for  the  giant,  and  thus 

"^'=^mm)i (23) 

mo      i^oUlV    \Q')  ^     ^ 

M       ,0 
Now    we    must    turn  to  an  estimate  of  the  ratios  —  and  —  . 

Here    we    may    get    valuable    knowledge  from  an  investigation  of 
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H.  N.  Russell's  ^  in  which  this  author  has  related  the  most  impor- 
tant facts  leading  to  a  division  of  the  late  type  stars  into  giants 
and  dwarfs.  From  direct  measurements  of  stellar  parallaxes 
Russell  computes  the  mean  ahsolute  magnitudes  of  giants  and 
dwarfs  of  different  spectral  types;  from  about  550  visual  pairs 
showing  a  trace  of  relative  motion  he  derives  the  mean  absolute 
magnitudes  of  the  same  types  reduced  to  the  solar  mass,  and  from 
80  eclipsing  binaries  he  gets  the  densities  of  giant  stars,  i.  e.  their 
absolute  magnitudes  reduced  to  both  the  surface  brightness  and 
the  mass  of  the  sun. 

The  first  two  sources  give  the  mean  masses  of  different  stellar 
types;  Russell  gets  the  results  in  the  following  table. 

Table  7. 


Averag 

e  mass 

Spectrum 

Giants 

Dwarfs 

B  ^2  .  .  .  . 

3.0 

AO.  .  .  . 

2.3 

— 

A5.  .  .  . 

— 

1.2 

FO.  .  .  . 

— 

1.7 

F3.  .  .  . 

— 

0.8 

F8-G0    . 

— 

0.5 

G-G5    .  . 

3.0 

— 

G5. . . . 

— 

0.3 

KO.  .  .  . 

1.5 

0.3 

K5-M    .  . 

1.5 

0.2 

These  results  are  derived  for  the  bright  components  of  double 
stars;  for  our  purpose  we  let  them  represent  the  actual  conditions 
of  the  types  in  the  general  stellar  system,  and  thus  have  for  the 
ratio  of  the  masses  dwarf:  giant  approximately 


M 
M' 


From  the  two  last  sources  above  we  get  the  mean  surface 
brightness  of  the  giants;  the  results  agree  well  with  the  observed 
color-indices.  From  the  mean  absolute  brightness  per  solar  mass, 
and  with  the  known  surface  brightness  relative  to  the  sun,  we 
may  now  estimate  the  mean  densities  for  different  types.  For  the 
dwarfs    the    density    may   be    considered    constant,   the  change  in 


^  H.  N.  Russell,  Popular  Astronomy  22,  pp.  275,  331;  1914. 
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absolute  magnitude  being  accounted  for  by  the  decrease  of  surface 
brightness;  for  the  giants  Russell  obtains  for  the  densities  relative 
to  that  of  the  sun  the  following  values,  agreeing  well  with  the 
values  from  the  eclipsing  binaries, 

..11  1 

Type  C^.35^;  ^'2800'  '^^' 25000' 

When  we  consider  stars  of  the  same  spectral  type,  we  make 
the  supposition  2^0  —Po   in  agreement  with  the  preceding  discussion, 

and  then  derive  the  following-  values  of  —  according  to  equa- 
tion  (23) 

Type  G,  '-^  =  26;  K,  ^^'  =  104;   m/-^'  =  855  , 

-^^  mo  mo  m-o 

Now  Ave  may  turn  back  to  equation  (21).  According  to  the 
facts   just    mentioned    about    the    surface  intensities  of  giants  and 

T 

dwarfs    it    is  obvious  that  ^  cannot  differ  very  much  from  unity. 

In  the  introduction  it  was  mentioned  that  the  change  found  for 
the  visual  color  of  Osthoff  per  unit  absolute  magnitude  for  the 
types  F  5-K  almost  corresponds  to  the  change  of  the  effective 
wave-length,  valid  for  the  photographic  part  of  the  spectrum. 
This  effect,  which  persists  nearly  unchanged  through  a  conside- 
rable part  of  the  spectrum,  must  be  thought  to  be  due  mainly  to 
a  change  of  temperature  according  to  equation  (21).  The  effect 
corresponds  to  a  change  in  color-index  per  unit  abs.  mag.  =  0^.053, 
giving  a  difference  of  about  0'".26  in  color-index  between  a  giant 
and  a  dwarf  of  solar  type.  If  e  is  the  change  of  color-index,  ij 
and  Z2  the  photographic  and  visual  effective  wave-lengths,  we 
have  for  the  change  in  effective  temperature. 

^\t)  ~  clogei2-Ii^' 

If  we  put  ii  =  0.43  II,  h  =  0.56  ^,  c  =  14300,  e  =  0.26,  the 
effective  temperature  will  change  from  T  =  6720°  to  T'  =  5560°. 
The  latter  value  would  thus  be  the  effective  temperature  of  a 
giant  of  type  GO.     Putting  mo  ^  26?;io,  we  have  accordingly 

5560      t'^  1  +  2»?o 


6720      /oVl  +  52^0 
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By  putting  j^  =-  1   we  get 


m,,  =  0  024. 


This  value  ought  to  be  compared  with  the  values  of  gH  on 
p.  29;    it    is    nearly    identical    with    the  value  of  gH  for  Z  0.4  /«. 

Thus  for  the  solar  atmosphere  we  should  have  z  +  cj  of  the  same 
order  of  magnitude  as  g  for  Z  0.4  fi.  But  of  course  our  values 
are  far  too  uncertain  to  serve  as  a  basis  for  any  far-reaching  con- 
clusions about  the  coefficients  of  absorption  and  scattering.  The 
value  of  m-o  above  ought  perhaps  to  be  considered  as  a  minimum 
value,  the  values  of  gH  rather  as  maximum  values.  The  existence 
of  a  sensible  coefficient  of  absorption  even  for  relatively  thin  gases 
of  the  solar  atmosphere  is  thus  made  probable. 

2.  If  we  consider  all  the  effective  layers,  it  was  made  prob- 
able from  our  discussion  of  the  solar  radiation  that  the  average 
coefficient  of  absorption  z  is  considerably  greater  than  the  coeffi- 
cient of  scattering  g  through  tho  whole  observable  spectrum.  From 
the  results  just  obtained  it  seems,  however,  as  if  this  state  of 
things  were  not  necessarily  true  for  the  thin  atmospheric  layers 
when  we  enter  the  violet  region  of  the  spectrum. 

Thus  for  the  wave-lengths  of  this  region  the  effect  of  a  strong 
increase  of  the  atmospheric  mass  cannot  perhaps  be  given  by  the 
general  decrease  of  effective  temperature,  because  our  theory  about 
the  consequences  of  the  general  radiative  equilibrium  for  a  sepa- 
rate wave-length  rested  upon  the  assumption  that  g  was  not  great 
compared  with  a  for  the  particular  wave-length  in  question. 

If  X  and  JE  are  now  considered  imperceptible  in  the  extreme 
violet  for  atmospheric  layers,  we  can  compute  the  effect  of  the 
general    scattering    in    the    giant    atmosphere,    starting    from    the 

formula  p.  21,  the  values  of  gH  on  p.  22,  and  the  value  — ^  =  26. 

We  find  that  the  intensity  at  Z  0.37  relative  to  the  intensity  at 
>^.0.45  jLt  would  change  in  the  proportion  1 :0.1b  from  a  dwarf  to  a  giant 
of  solar  type.  A  change  of  the  effective  temperature  from  6720^ 
to  5560^  would  give  for  the  same  ratio  1  :  0.81.  In  this  way  the 
change  of  intensity  distribution  due  to  the  opalescence  scattering 
may  be  of  a  more  strongly  selective  kind  than  a  change  of  effec- 
tive temperature. 
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3.  Finally  we  have  to  consider  the  clianges  of  the  absorption 
lines  at  the  transition  from  a  dwarf  to  a  giant,  a  matter  which 
we  have  already  discussed  above.  The  intensities  of  most  lines 
of  longer  wave-lengths  ought  not  to  be  much  changed.  But  low 
temperature  lines  demanding  high  values  of  the  gas  density  ought 
to  be  weakened  and  enhanced  low  pressure  lines  ought  to  be 
strengthened  in  the  giant  spectrum  —  though  the  giant  atmosphere 
has  probably  on  the  whole  a  somewhat  lower  temperature  than 
the  atmosphere  of  the  dwarf. 

An  element  which  occupies  a  somewhat  peculiar  position  is 
hydrogen.  We  may  almost  consider  this  element  as  constituting 
the  upper  part  of  the  solar  atmosphere,  and  therefore  it  is  prob- 
able that  the  mass  of  this  element  is  relatively  the  most  strongly 
increased  one  in  the  giant  atmosphere.  How  far  our  theoretical 
arguments  are  applicable  to  this  element  is  questionable  for  seve- 
ral reasons;  the  observations  show  that  its  absorption  lines  are 
<iecidedly  strengthened^  at  the  transition  from  dwarf  to  giant. 

But  for  the  effect  upon  the  general  distribution  of  energy  in 
the  spectrum  we  have  above  all  to  consider  the  strong  ultra-violet 
absorption  lines,  for  which  we  have  seen  that  the  extinction  prob- 
ably approaches  a  pure  scattering  of  the  radiation  from  inner 
layers.  We  have  seen  in  the  foregoing  that  the  accumulation  of 
these  lines  is  probably  sufficiently  strong  to  cause  the  greatest 
part  of  the  depression  of  the  solar  energy-curve  in  the  ultra-violet 
region.  We  have  also  seen  that  we  may  expect  here  a  strong 
increase    of  the  ultra-violet  depression  with  increasing  luminosity. 

The  ultra-violet  portion  in  the  spectra  of  some  bright  stars 
has  been  investigated  especially  by  W.  Huggins^  and  0.  Kohl^. 
But  a  direct  verification  of  our  theoretical  results  by  spectrogra- 
phic  investigations  using  strong  dispersion  is  made  difficult  by  the 
apparent  faintness  of  the  dwarf  stars.  Further  we  cannot  expect 
a  single  ultra-violet  line  to  appear  much  darker,  relative  to  the 
surrounding  part  of  the  continuous  spectrum,  in  a  spectrogram  of 
a  giant  than  in  one  of  a  dwarf,  for  because  of  the  extended 
wings  of  the  strong  lines  the  continuous  radiation  ought  to  be 
considerably  weakened  also. 


^  See  W.  S.  Adams  and  A.  H.  Joy,  loc.  cit. 

^  W.  HuGGiNs  and  Lady  Huggins,  An  Atlas  of  Representative  Stellar  Spectra, 
London  1899. 

2  0.  Kohl,   Astron.  Mitteilungen  der  Sternwarte  zu  Gottingen,  XVI,  1913. 
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In  the  classical  comparison  between  the  sun  and  a  Aurigse^ 
where  the  relative  intensities  of  the  lines  seem  to  agree  fairly 
well  far  into  the  ultra-violet,  we  must  not  overlook  the  fact  men- 
tioned above  that  the  latter  star  is  a  spectroscopic  binary.  The 
principal  star  is  of  a  solar  type,  whereas,  according  to  W.  W. 
Campbell  ^  the  secondary  star  is  of  a  type  intermediate  between 
the  solar  and  Sirian  types,  the  former  component  being  only  half 
a  magnitude  brighter  photographically  than  the  bluer  component. 
At  least  before  the  crowding  of  the  lines  in  the  Balmer  series 
beyond  X  0.370  fi  we  must  therefore  expect  the  extreme  violet  part 
of  the  giant  spectrum  of  the  primary  to  be  perceptibly  brightened^ 
and  the  contrast  of  the  absorption  lines  against  the  continuous- 
background  diminished,  by  the  presence  of  the  early  type  com- 
ponent. In  fact  the  absorption  lines  of  both  components  must 
fade  owing  to  the  superposition  of  their  spectra. 

On  the  other  hand,  if  w^e  compare  Huggins'  photographs  of 
the  solar  spectrum  with  his  spectrograms  of  Arcturus,  we  find,  as 
Huggins  himself  points  out,  a  very  marked  strengthening  of  the 
very  strong  ultra-violet  groups  of  iron  lines  about  ?d  388  (.^ir 
382  (ifi,  374  ^[i.  It  seems  as  if  it  were  mainly  this  circumstance 
that  causes  the  weakness  in  the  ultra-violet  of  Arcturus  relative 
to  the  sun.  (See  especially  » historical  spectra.»,  plate  II).  Of 
course  this  may  be  thought  to  depend  on  the  fact  that  Arcturus 
is  a  star  of  a  somewhat  »later»  stage  than  the  sun,  but  there 
are  many  facts  which  tend  to  show  that  we  are  here  mainly 
concerned  with  an  effect  of  absolute  magnitude.  Some  of  the 
lines  in  the  groups  are  really  low  temperature  lines  ^,  but  by  na 
means  all. 

In  order  to  examine  the  matter  we  need  ultra-violet  spectro- 
grams of  giants  and  dwarfs  of  the  same  spectral  type.  At.  least 
a  strong  indication  that  our  suspicion  mentioned  is  correct  is 
found  in  the  results  about  the  minimum  wave-length  mentioned 
in  the  introduction.  The  minimum  wave-lengths  on  Imperial 
plates  have  a  very  marked  increase  for  giants  of  type  G  5  —  G  8 
and    then   become  almost  constant;  for  dwarfs  a  decided  but  much 


1  W.  W.  Campbell,  Lick  Obs.  Bull.  No.  6,   1901. 

-  Tlie  flame  spectrum  of  iron  has  been  investigated  by  C\\.  de  Watte- 
viLLE.  Phil.  Trans,  of  the  R.  Soc.  of  London.  A  204,  p.  139,  1904.  The  most 
prominent  low  temperature  lines  have  been  tabulated  by  H.  G.  Gale  and  W. 
S.  Adams,  Astrophys.  Journ.  35,  p.  10.  1912;  Mt,  Wilson  Contr.  Xo.  58. 
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smaller  increase  of  imin  takes  place  at  type  KO.  The  cause  that 
is  at  work  in  the  giant  series  must  be  very  strongly  selective, 
and  from  these  facts  alone,  if  com})ared  with  Huggins'  result  men- 
tioned above,  it  becomes  very  probable  that  the  ultra-violet  iron 
bands  increase  up  to  a  relatively  much  higher  intensity  in  giant 
spectra    of  type    G  —  K  than  in  the  corresponding  dwarf  spectra. 

Professor  Bergstrand  has  kindly  placed  at  my  disposal  his 
effective  wave-length  plates  taken  with  the  great  reflector  at 
Meudon  in  1908  ^  some  important  features  may  be  discerned  here 
especially  in  the  grating  spectra  of  the  third  order.  Thus  I  have 
compared  the  two  dwarfs  of  61  Cygni,  types  K7  and  K  8,  with 
other  stars  of  nearly  the  same  type  which  are  certainly  giants. 
As  a  test  for  equal  intensity  of  image  I  have  taken  the  appear- 
ance of  a  trace  of  the  spectra  of  the  fifth  order.  The  former 
stars  show  a  rather  regular  decrease  of  blackening  towards  the 
air  limit  at  about  300  f^if^i,  the  latter  stars  show  a  large  gap  beyond 
the  region  of  H  and  K,  Avhich  must  probably  be  ascribed  to  the 
influence  of  the  three  iron  groups.  The  spectrum  ends  in  a  rela- 
tively strong  point  near  i  370  [iii. 

A  third  very  strong  indication  pointing  in  the  same  direction 
may  be  obtained  from  Kapteyn's  discussion^  of  some  points  in 
Miss  Maurys'  classification.  In  the  series  of  late  spectral  types 
(after  the  solar  type  XIV  giant  types  of  spectra)  there  is  between 
types  XIV  and  XV  a  sudden  increase  of  the  absorption  beyond 
X  3889  A  in  such  a  way  that  for  all  later  types  the  radiation  of 
shorter  wave-lengths  becomes  difficult  to  photograph.  The  degree 
of  this  absorption  may  vary  from  one  star  to  anothor,  Miss  Maury 
divides  the  stars  of  type  XV  into  two  groups,  those  resembling  a 
Cass,  with  very  strong  absorption  and  those  resembling-  a  Bootis 
with  somewhat  less  conspicuous  absorption.  There  are  also  in 
type  XIV  some  stars  resembling  a  Cass.  Kapteyn  has  collected 
proper  motions  of  stars  belonging  to  the  two  groups  and  finds 
that  the  proper  motions  are  on  an  average  much  smaller  for  the 
first  group  than  for  the  second,  the  stars  of  the  a  Cass,  group 
have  thus  a  greater  mean  luminosity  than  those  of  the  a  Bootis 
group.  Some  of  the  stars  used  by  Kapteyn  may  be  found  in  the 
parallax-catalogue    of   Adams  and  Joy.     Twelve  stars  of  type  XV, 


^  See  note  on  p.  6. 

2  J.  G.  Kapteyn,    Astrophys.    Journ.    29,    p.  46,    1909;    Mt.   Wilson  Contr. 
No.  31. 
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a  Cass,  group,  give  the  mean  values  spectral  type  G  9,  abs.  mag. 
+  0.6;  thirteen  stars  of  the  a  Bootis  group  give  G8,  +  1.1.  In 
the  latter  group  a  single  dwarf  of  type  K  0,  abs.  mag.  +  5.7,  has 
been  left  out  in  deriving  the  mean  values.  The  a  Cass,  group 
for  solar  stars  is  represented  by  three  giants,  mean  type  G  3, 
mean  abs.  mag.  +  0.9. 

Kaptetn  considers  his  results  as  an  indication  of  the  existence 
of  an  absorption  of  light  in  space,  but  from  the  close  coincidence 
of  the  wave-length  3889  A  with  the  limit  of  the  first  iron  group 
we  are  very  probably  able  to  state  tliat  the  strong  ultra-violet 
iron  lines  and  their  wings  are  very  much  strengthened  at  the 
transition  from  a  dtvarf  to  a  giant  in  the  types  G  and  K. 


We  have  found  above  that  when  we  pass  from  a  dwarf  to 
a  giant  the  effect  of  the  increased  atmospheric  mass  above  unit 
surface  has  produced  different  resulls  in  different  spectral  regions. 
For  wave-lengths  larger  than  0,45  fi  we  have  to  reckon  with  a 
real  change  of  the  effective  temperatures  of  the  stars;  thus  a  color- 
equivalent  C.E.,  determined  in  this  spectral  region,  will  be  simply 
a  function  of  this  effective  temperature  T;  we  shall  have 

C.E.  =  f{T). 

When  we  consider  stars  of  different  spectral  types  and  luminosities, 
the  effective  temperature  is  to  be  considered  as  a  function  of  the 
spectral  type  S  and  the  absolute  magnitude  Jl,  thus 

T==(piS,3I). 

For  the  dwarf  series  the  ultra-violet  intensity  luv,  which  we 
suppose  to  be  measured  at  the  limit  of  the  usual  photographic 
spectrum  towards  shorter  wave-lengths,  will  be  a  function  of  the 
spectral  type  S  on  account  of  the  change  of  effective  temperature, 
but  in  addition  also  by  reason  of  the  varying  conditions  of  selec- 
tive absorption,  due  to  the  change  of  predominant  absorbing  ele- 
ments and  the  varying  size  of  the  atmospheres  from  one  type  to 
another.  If  we  consider  stars  of  different  luminosities  within  the 
types,  the  ultra-violet  intensity  will  also  be  a  special  function  of 
the    difference    M — 3Iq,    where  ilfo  is  the  absolute  magnitude  in 
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the  dwarf  series;  the  function  in  question  depends  on  the  varying 
importance   of   selective    scattering.     We  may  put 

Thus  we  shall  have 

(  0-E.  =  A{S,  M) 

\  lu.     =  B{S,  M), ^^^^ 

where  A  and  B  denote  different  functions.  By  combining  a  color- 
equivalent  determined  from  relatively  long  wave-lengths  with  a 
measurement  of  the  relative  ultra-violet  intensity  we  ought  to  be 
able  to  determine  both  the  spectral  class  8  and  the  absolute 
magnitude  M. 

31  being  known,  we  get  the  parallax  Ji  by  means  of  the  for- 
mula 

5  log  :^  =  Ji"  -  ni  -  5  , 

where  m  is  the  apparent  magnitude. 


III.     The  two  color-equivalents  of  the 
grating  spectra. 

1.    Examination  of  stars  with  known  spectral  types 

and  luminosities. 

In  the  following  I  have  tried  to  verify  the  final  conclusions 
of  the  preceding  chapter  by  a  new  examination  of  the  photogra- 
phic grating  spectra  for  stars  of  different  spectral  types  and  lumi- 
nosities. The  spectra  used  here  have  the  same  general  character 
as  those  of  foregoing  investigations  with  a  distance  amounting  to 
about  1  mm.  between  the  two  spectra  of  first  order.  The  method 
followed  is  essentially  the  same  as  in  the  preliminary  notice^ 
referred  to  in  the  introduction.  The  effective  wave-length  ?.c  is 
measured  by  bisecting  with  the  micrometer  thread  the  surfaces 
of  the  photographic  images  of  the  first  order  spectra;  it  is  thus 
defined  by  the  distance  between  the  centra  of  density  in  the  two 
spectra.  The  minimum  wave-length  ?^^ij,,  defined  by  the  minimum 
distance  between  the  spectra,  is  our  ultra-violet  color-equivalent. 
Both  color-equivalents  must  be  defined  for  a  certain  intensity  of 
image,  which  is  measured  here  by  the  diameter  D  of  the  central 
image. 

We  assume  for  the  moment  that  the  spectra  are  pure,  i.  e. 
that  each  wave-length  corresponds  to  a  narrow  strip  of  the  photo- 
graphic spectrum.  The  law  of  blackening  on  the  photographic 
plate  we  may  write  in  Sghwarzsghild's^  form 

where  S  is  the  blackening,  I  the  intensity  of  the  radiation,  t  the  time 

^  Astrophys.  Journ.  49.  p.  289,  1919. 

^  K.  ScHWARZscHiLD,  Publ.  der  v.  Kuffnerschen  Steriiwarte  in  Wien.  Bd. 
V,  C,  1900. 
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of  exposure,  p  is  not  far  from  nnit}^  and  has  been  found  to  be 
essentially  independent  of  f.  Several  investigations  have  given  the 
result  that  i)  is  independent  of  the  wave-length^;  E.  Kron^  has 
found  p  variable  with  the  intensity  I;  he  puts  the  law  of  blacken- 
ing in  the  form 

S  =  q){s),  s  =  t  •  ilj{I). 

We  start  here  from  the  assumption  that  for  equal  blackening  on 
the  plate  and  equal  time  of  exposure  p  may  be  considered  per- 
fectly constant  for  all  wave-lengths  of  the  photographic  region 
here  employed,  about  i/l  0.370  -  0.460  ^.  A  certain  attention  ought 
perhaps  to  be  paid  to  this  question  in  order  to  avoid  systematic 
-errors;  we  may  get  a  control  by  comparing  stars  with  known 
types  but  varying  apparent  magnitudes. 

The  sensibility-curve  of  the  plate  may  be  defmed  by  the 
reciprocal  values  of  the  different  intensities  of  radiation  which  are 
necessary  for  different  wave-lengths  in  order  to  give  a  certain 
blackening  below  the  maximum  density.  Because  the  function  cp 
defining  the  gradation  of  the  plate  may  vary  from  one  wave-length 
to  another,  the  sensibility-curve  thus  defined  may  perhaps  be  some- 
wiiat  different  for  different  degrees  of  blackening.  In  order  that 
the  relative  sensibility  for  different  wave-lengths  shall  be  the  same 
for  all  plates  we  must  of  course  employ  plates  of  the  same  sort 
and  the  same  emulsion. 

Now  we  must  take  into  consideration  the  fact  that  each  wave- 
length does  not  correspond  to  a  single  point  on  the  plate,  but 
that  because  of  the  imperfectness  of  the  lenses  and  the  grating 
each  wave-length  gives  a  small  surface  widening  with  an  increase 
in  the  time  of  exposure;  J.  Scheiner^  has  shown  that  the  widen- 
ing of  usual  photographic  images  is  mainly  due  to  irregularities 
in  the  objective  and  not  mainly  to  a  process  in  the  photographic 
film.  By  the  photographic  process  the  resulting  intensity-curves 
of  the  three  coordinated  images  finally  produce  the  blackening 
on    the    plate.     We    assume    that   the    boundaries    of  the  central 


^  See  bibliography  of  A.  Odencrants,  Zeitschrift  fiir  wiss.  Photographie, 
Bd.  16,  Heft  4,  1916.  E.  Kron,  Publ.  des  Astrophys.  Obs.  zu  Potsdam,  Bd.  22, 
JVr.  67,  1913,  p.  6.     H.  RoseneerG;  loc.  cit.  in  the  introduction,  p.  77. 

2  E.  Kron.  loc.  cit.,  p.  54. 

2  J.  Scheiner,  Photographie  der  Gestirne,  p.  210. 
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image  and  the  two  spectra  are  given  for  a  certain  degree  of 
blackening,  then  it  is  evident  that  the  diameter  of  the  central 
image  determines  the  contour  of  the  spectral  images  index^en- 
dently  of  the  general  gradation  laiv  and  the  general  degree  of 
sensibility  of  the  plate.  The  minimum  wave-length  is  thus  given 
essentially  independently  of  these  two  qualities,  which  must  be 
considered  variable  from  one  plate  to  another.  If  w^e  use  a  sort 
of  plate  that  gives  strong  contrasts  this  will  to  a  large  extent  be 
the  case  also  for  the  effective  wave-length,  because  the  maximum 
density  will  then  be  attained  rapidly,  and  differences  in  the  effec- 
tive wave-length  will  mainly  be  due  to  differences  in  the  form  of 
the  images  and  not  to  differences  of  density  betw^een  different 
parts  of  the  spectra.  In  the  case  of  weak  images,  however,  the 
gradation  must  play  a  more  important  role  for  the  effective  wave- 
length; of  course  the  gradiation  will  also  be  of  some  importance 
for  the  measurement  of  the  minimum  wave-length.  In  order  that 
the  gradation  shall  not  differ  too  much  from  one  plate  to  another 
we  ought  therefore  to  employ  the  same  process  of  development 
for  each  plate. 

Finally  we  must  consider  the  influence  of  occasional  distur- 
bances due  to  the  unsteadiness  of  the  optical  images  during  the 
exposure  and  to  the  imperfectness  of  the  plate.  The  rejection  of 
bad  photographic  images  will  be  more  easy  if  we  get  a  conside- 
rable number  of  stars  in  the  same  exposure  and  if  several  expo- 
sures with  the  same  time  are  taken  on  each  plate. 

The  instrument  employed  here  is  the  twin  6-inch  astrograph 
of  the  Upsala  Observatory  with  Zeiss  triplet  lenses  (aperture  15  cm, 
focal  length  150  cm)^  The  minimum  focus  lies  near  >?t  416  ^^. 
The  grating,  placed  in  front  of  oljjective  I,  is  furnished  by  J.  L. 
Rose's  mechanical  factory  at  Upsala;  it  consists  of  a  quadrangular 
frame  of  steel  over  which  are  stretched  parallel  steel  wires  from 
one  side  to  the  opposite  one.  These  wires  are  drawn  through 
holes  bored  in  a  ledge  on  each  of  the  two  sides  in  such  a  way 
that  the  space  between  two  threads  is  nearly  equal  to  the  breadth 
of  a  thread.  A  preliminary  measurement  gave  the  grating  con- 
stant c  to  be  on  an  average  1.2605  mm.;  by  means  of  this  value 
the    wave-lengths  in  the  following  tables  are  calculated.     A  more 


^  The    same    instrument    as    in    the    previous    investigations   of  this  kind 
made  at  Upsala  which  are  mentioned  in  the  introduction. 
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rigorous  determination  gave  the  mean  value  c  =  1.2595  mm.,  and 
the  breadth  of  a  thread  on  an  average  0.62  mm.;  because  of  the 
irregularities  of  the  grating  a  small  correction  to  the  new  value 
of  c  would  be  quite  useless.  If  s  is  the  distance  measured  on 
the  plate,  /"  the  focal  distance,  and  if  we  suppose  the  inclination 
of  the  rays  towards  the  normals  of  the  grating  and  of  the  plate 
to  be  zero,  Ave  have  the  corresponding  wave-length  X  by  the  re- 
lation 

^-^f'    ■     ■' (25) 

For  f  I  have  used  the  value  1485.5  mm.  More  recent  measure- 
ments gave  1484.4  mm.;  the  difference  between  these  values  is  of 
no  importance  here,  because  we  may  disregard  very  small  errors 
which  are  constant  for  all  stars. 

In  this  investigation  I  have  not  used  exactly  the  center  of 
the  plate  but  a  region  giving  somewhat  more  regular  images. 
For  this  reason  the  ocular  of  the  guiding  tube  was  moved  25  mm. 
in  a  direction  making  an  angle  of  45^  with  the  hour  circle,  towards 
increasing  R.  A.  and  Decl.  as  reckoned  on  the  image  of  the 
plate  (tube  following).  The  deviations  from  equation  (25)  caused 
by  this  arrangement  will  be  very  small  and  of  no  importance,  be- 
cause neither  the  plate  nor  the  grating  is  perfectly  centrated.  Only 
plate  1  in  table  8  is  taken  with  the  ocular  moved  20  mm.  towards 
increasing  declination  of  the  plate  image.  The  grating  was  placed 
with  the  threads  in  declination,  the  grating  spectra  are  conse- 
quently situated  in  R.  A.  This  arrangement  was  found  to  give 
more  symmetrical  images  than  the  one  with  the  spectra  in  de- 
clination. 

The  plate  is  situated  at  most  some  tenths  of  a  millimeter 
outside  the  minimum  focus;  the  images  of  the  spectra  are  very 
sharp  and  show  a  smooth  distribution  of  blackening  even  for  faint 
images.  With  increasing  distance  from  the  objective  two  con- 
densations of  density  are  shown  in  the  spectra  corresponding  to 
the  two  wave-lengths  in  the  foci  of  which  the  plate  is  situated. 
The  appearance  of  such  condensations  would  change  perceptibly 
the  conditions  for  the  minimum  wave-length  and  must  be  avoided 
here.  Most  plates  used  here  were  taken  in  the  spring  and  autumn 
with  a  rather  small  variation  of  temperature,  but  some  of  the  first  and 
latest  plates  in  table  8  were  taken  at  considerably  lower  tempera- 
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tures.     No    decided    change    in    the    appearance   of  the  images  of 
these  plates  was  discovered. 

The  sort  of  plates  used  are  Kranz  I,  Orthochromatische  Moment- 
platte,  Kranseder,  Miinchen.  An  investigation  of  Mr  Ossian  Vallin's 
has  shown  that  this  sort  of  plates  gives  extremely  sharp  and  well 
defined  images  compared  with  a  great  number  of  other  sorts  of 
plates.  This  plate  is  moreover  found  to  be  very  sensitive,  though 
accumulations  of  the  silver-grains  are  very  slightly  conspicuous 
when  the  plate  is  looked  upon  through  the  microscope  of  the 
measuring-machine.  Thus  far  this  plate  is  therefore  very  suitable 
for  a  study  of  the  grating  spectra. 

An  investigation  of  the  sensibility-curves  for  some  different 
sorts  of  plates  has  been  carried  out  according  to  a  method  of  A. 
Odengrants.  For  this  investigation  Professor  G.  Granqvist  has 
kindly  permitted  me  to  use  the  photographic  labarotory  of  the 
Physical  Institution  at  Upsala,  and  I  am  especiahy  indebted  to 
Dr.  Odengrants  for  his  assistance  and  valuable  advice.  It  was 
found  that  the  sensibility  of  the  Kranz  plate  is  relatively  much 
smaller  between  the  G  and  F  line  than  that  of  an  Imperial  plate;  the 
former  plate  has  a  small  secondary  maximum  at  about  A,  550  f^ip, 
but  this  is  of  no  importance  in  our  case;  no  trace  of  this  maxi- 
mum can  be  discerned  in  images  of  grating  spectra  which  are  not 
very  much  over-exposed.  The  region  of  sensibility  thus  being 
smaller  we  must  expect  a  priori  that  the  variation  of  Zc  between 
different  spectral  classes  should  be  perceptibly  smaller  for  Kranz 
than  for  Imperial,  and  this  has  been  established,  as  will  be  shown 
in  the  following.  However,  the  very  great  accuracy  with  which 
ic  may  be  measured  on  the  Kranz  plate  probably  outweighs  this 
less  favourable  circumstance.  The  diameter  of  the  central  image, 
which  serves  to  define  the  intensity  of  images,  may  be  measured 
here  with  very  great  accuracy,  which  is  necessary  for  the  deter- 
mination of  >^.min. 

The  stars  examined  here  are  generally  taken  from  the  pa- 
rallax-catalogue of  Adams  and  Joy;  a  number  of  exposures  with 
varying  times  were  secured  of  each  star.  Generally  stars  of  diffe- 
rent types  and  luminosities  were  taken  on  the  same  plate.  With 
objective  II  I  have  generally  obtained  simultaneously  images  on 
an  orthochromatic  plate  (Hauff's  Flavin)  behind  yellow-filter  in 
order  to  register  the  intensity  in  a  third  region  of  the  spectrum, 
but  these  plates  have  not  been  used  here;  their  reduction  is  made 
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difficult  by  the  fact  that  we  do  not  know  if  Schwarzsghild's  ex- 
ponent is  the  same  for  both  sorts  of  plates. 

As  a  developer  I  have  used  Rodinal,  6  cm^  in  120  cm^  water 
with  ten  drops  of  KBr,  temperature  of  the  bath  18^,  time  of  deve- 
lopment 8  min.  The  time  of  development  was  one  to  two  minutes 
shorter  for  the  three  first  plates  in  table  8. 

The  measurements  have  been  performed  by  means  of  the  Repsold 
measuring  machine  of  the  observatory.  The  effective  wave-length 
was  measured  in  the  same  way  as  has  been  described  in  previous 
investigations.  The  minimum  wave-length  was  measured  here  with  a 
single  thread  of  the  micrometer  in  the  same  way  as  the  central 
diameter  D.  After  a  plate  was  measured  in  one  position  it  was 
turned  180^  and  measured  again.  In  each  position  several  measure- 
ments of  the  three  coordinated  quantities  were  carried  out.  The 
measurement  of  i^^min  and  D  must  be  performed  with  great  care,  the 
thread  is  moved  slowly  till  it  touches  slightly  the  border  of  the 
images.  It  is  possible  that  one^s  idea  of  the  boundaries  of  the 
images,  perhaps  also  the  manner  of  moving  the  thread,  may  be 
subject  to  shght  changes,  especially  at  the  beginning  of  the  measu- 
rements. We  may,  for  instance,  to  begin  with,  demand  a  higher 
degree  of  blackening  at  the  border,  we  then  measure  D  smaller  and 
imin  larger  than  in  the  following  measurements.  If  the  deviations 
are  small  these  changes  will  probably  nearly  compensate  each  others, 
the  effect  will  be  the  same  as  if  we  measure  at  a  later  time  an 
image  with  a  somewhat  shorter  exposure.  If  the  deviations  are 
larger  the  errors  introduced  will  probably  not  correspond  exactly 
because  of  the  different  character  of  the  images,  nor  will  they  do 
so  if  they  are  due  to  a  different  manner  of  measuring.  The  first 
measurements  here  were  performed  in  the  spring  of  1919,  the 
exposures  and  measurements  were  then  continued  in  the  autumn 
and  winter  of  1919—1920.  By  repeating  the  measurements  for 
some  stars  I  have  found  a  perceptible  difference  in  the  measure- 
ments between  these  two  periods  and  have  therefore  reduced  the  first 
measurements  (plates  1—7)  by  adding  1.0  to  the  measured  value  of  D 
and  subtracting  3.0  fi^c  from  imin-  Reckoned  in  revolutions  of  the 
micrometer  the  two  corrections  are  nearly  the  same,  0^.01  =0.005  mm. 
In  the  final  values  of  >^miu  this  correction  is  nearly  equivalent  to 
subtracting  1.5  /a^/j..  This  correction  concerns  stars  of  different 
types    and    luminosities  —  in    all    about    one  third  of  the  known 
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stars  examined.  In  the  case  of  the  effective  wave-length  no  per- 
ceptible differences  were  given  by  repeated  measurements. 

The  measurements  are  made  difficult  if  there  is  a  perceptible 
veil  of  blackening  on  the  plate,  several  plates  taken  have  been 
excluded  for  this  reason.  For  very  short  exposures,  smaller  than 
10  sec,  a  rigorous  control  must  be  applied  to  the  quality  of  the 
images  because  the  deviations  caused  by  trembling  of  the  instru- 
ment and  by  atmospheric  refraction  will  have  a  more  irregular 
influence  here  than  for  a  comparatively  long  exposure.  Exposures 
exceeding  1  min.  generally  give  images  which  fulfil  all  demands 
for  symmetry  and  sharpness. 

Table  8  contains  a  list  of  the  plates  used  in  this  investigation. 
The  third  column  contains  the  average  temperature  of  the  air^ 
registered  at  the  Meteorological  Observatory,  which  is  situated  in  the 
immediate  neighbourhood.  The  temperature  of  the  instrument  is 
to  be  estimated  some  degrees  higher.  The  fourth  column  contains 
the  stars  on  the  plate,  the  numbers  refer  to  the  first  column  of 
table  9.  All  stars  are  taken  in  a  position  less  than  3^^  30°^  from 
the  meridian,  generally  less  tlian  1^. 

Table  8. 


Plate 
number 

Date 

Tempera- 
ture 

Stars 

Remarks 

1 

Feb.  26,  1919 

-12«G 

1—10 

2 

March  5 

-     5 

11  —  18 

Some  haze  especially  for  star  18. 

3 

March   6 

-    2 

19 

1 

4 

March  8 

-     5 

20,   21 

5 

March  15 

-     4 

19 

Some  haze. 

6 

April  22 

+    3 

22 

7 

April  26 

-     1 

23  —  27 

8 

August  26 

+    7 

28  —  34 

Some  hase  at  the  and. 

9 

Sept.   1 

+    9 

35  —  40 

10 

Sept.   25 

+    7 

41  —  43 

11 

Sept.   25 

+    4 

44 

12 
13 

Oct.   4 
Oct.   4 

+    8 

+     7 

45  —  47 
48-50,  62 

Air  unsteady. 

(  Air    UHsteady,    especially    for 
•!  star62, -which  has  been  excluded 
I  here.                                                 I 

(  Air    very    steady.     Some    veil 
1  on  the  plate. 

14 
15 

Oct.   31 
Nov.   10 

-  4 

-  13 

51,    52 
53  —  56 

16 

Nov.   14 

-  12 

57,   58 

Air  unsteady,  trace  of  fog. 

17 

Dec.    11 

-     8 

57—61 

18 

Jan.   9,   1920 

-     4 

62,   63 

Air  not  quite  steady. 

Continuous  spectra  of  the  sun  and  the  fixed  stars. 
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The  results  of  the  measurements  are  given  in  table  9,  where 
the  stars  from  the  same  plate  are  tabulated  together  in  the  order 
in  which  they  have  been  taken.  The  two  last  columns  contain 
Ic  and  y^min  reduccd  to  the  normal  diameter  D  =  17  by  means  of 
the  curves  in  figures  4  and  5.  These  values  are  given  as  means 
of  the  measurements  on  images  with  the  same  or  nearly  the  same 
time  of  exposure,  Xc  and  Zmin  are  expressed  in  fi/ii,  D  in  hundredths 
of  a  revolution  of  the  micrometer.  1^  corresponds  to  0.505  mm. 
The  time  of  exposure  is  given  in  minutes  or  seconds. 


Table  9. 


Star 

Exposure 

k 

1 

D 

D  = 

17 

Ac 

^rain 

jUU 

/uu 

flfX, 

fill 

1 

Lai.   18115^ 

10°^ 
10 

423.9 
22.6 

375.6 
79.0 

16.7 
16.1 

423.6 

376.4 

20 

27.4 

— 

20.3 

24.8 

— 

2 

Lai.   18115^ 

5m 

423.3 

14.2 

424.5 

— 

10 
10 

24.5 

26.7 

378.3 

16.5 
17.2 

25.6 

378.7 

20 

26.0 

73.5 

18  8 

24.7 

76.5 

3 

83  Gancri 

^m 

414.4 

15.6 

414.8 

— 

3 
3 

20.5 
18.7 

365.5 
65.3 

21.3 

20.9 

16.8 

374.3 

5 

21.3 

61.0 

23.7 

16.0 

4 

pi  Urs.  maj. 

5^ 
5 

428.4 
29.5 

387.2 

14.3 
15.2 

429.0 

383.4 

10 

31.8 

83.9 

17.0 

0  c\    0 

10 

29.2 

80.1 

17.3 

30.5 

82.3 

20 
31 

29.1 

31.8 

76.2 
76.4 

21.1 
21.6 

29.2 

82.5 

40 

35.7 

67.6 

24.9 

.    30.3 

— 

40 

33.4 

70.6 

25.2 

60 

36.6 

65.3 

27.6 

— 

— 

5 

Boss  2921 

2™ 

433.1 

384.6 

14.9 

433.1 

381.6 

5 

30.1 

75.8 

21.3 

28.9 

82.0 

10 

33.1 

66.5 

24.3 

28.4 

— 

6 

Lai.  21185 

5m 

423.8 

— 

13.7 

425.0 

10 

23.1 

377.7 

17.8 

22.6 

379.0 

16 

24.6: 

73.0 

19.5 

22.7 

77.3 

7 

Boss  3089 

20^ 
20 

429.5 

27.8 

386.3: 
79.4: 

14.9: 
16.1 

428.7 

380.8 

30 

27.8 

— 

17.5 

27.8 
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star 

Exposure 

ic 

>tmin 

D 

D  = 

17 

I:          i 

^min 

uu 

^ifi 

fXU 

fXU 

jm 

429.7 

376.6 

21.7 

1 

30.3 

78.8 

21.5 

428.3   , 

384.4 

1 

29.1 

77.9 

21.7 

1 

2^ 

32.9 

73.8 

26.2 

—      i 

— 

3 

38.9 

70.0 

27.9 

1 
1 

— 

8 

6  Virg. 

20" 

427.5 

379.6 

17.2 

427.5 

379.9 

30 

27.5 

73.6 

20.7 

40 

30.3 

74.9 

21.1 

27.1 

80.6 

40 

27.3 

74.3 

22.4 

90 

38.3 

67.0 

25.3 

1 

— 

9 

e  Virg. 

3" 
3 

418.1 
19.0 

381.2 

14.1 
15.0 

420.0 

377.2 

5 

21.3 

— 

17.8 

20.7 

— 

10 

22.4 

19.7 

20.2 

— 

20 

27.6 

65.0 

24.3 

■ 

— 

40 

34.0 

57.5 

29.0 

— 

10 

Boss  3398 

2m 

423.7 

380.9 

16.6 

423.8 

380.4 

5 

28.4 

69.8 

22.0 

24.3 

77.0 

8 

26.9 

65.7 

24.3 

— 

— 

11 

0  Leon. 

3" 
3 

412.6 
16.0 

382.4 

12.5 
12.1 

417.3 

12 
12 

15.8 
19.0 

73.8 
77.2 

16.1 
16.0 

18.2    , 

373.8 

20 

30 

17.5 
23.7 

68.2 
69.3 

18.1 
19.1 

20.0 

72.1 

12 

Boss  2603 

5™ 
5 

423.3 
23.9 

381.9 

82.1 

14.3 
14.5  , 

424.3 

378.4 

10 

24.8 

77.4 

18.1 

24.2 

78.9 

13 

Lai  19821 

2™. 5 

417.5 

— 

10.3 

— 

5 

15.3 

379.8 

12.4 

418.2 

— 

10 

17.3 

78.5 

14.0 

18.8 

373.6 

14 

39  Leon. 

30" 

417.5 

14.3 

418.7 

30 

16.8 

379.4 

13.8 

374.3 

^m 

1 

15.5 
16.4 

73.7 

78.5 

16.7 

17.1 

16.0 

75.4 

3 

18.1 

67.6 

20.6 

15.8 

75.4 

15 

X  Leon. 

8" 
8 

414.7 
14.9 

j 

13.2 
13.5 

416.8 

_ 

15 
15 

17.0 

15.8 

1   377.4 
!      77.0 

15.1 
15.2 

17.1 

374.0 

30 
30 

18.8 
15.8 

1      69.9 
:      69.9 

18.3 
18.0 

16.9 

72.4 

1™ 
1 

20.3 

19.8 

64.0 
1      66.3 

20.9 
20.5 

17.7 

73.2 

Continuous  spectra  of  the  sun  and  the  fixed  stars. 
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Star 

Exposure 

z. 

^min 

D 

D  = 

17 

*^r                •^mio 

fXfl 

/"." 

1 

^U 

^fX 

16 

46  Leo  min 

r 

422.0 
17.9 

379.2 
82.6 

13.1 
13.3 

421.6 

375.5 

10 
10 

21.3 
20.3 

77.2 
76.2 

15.1    1 
15.6 

21.8 

74.7 

20 
20 

20.3 

18.8 

75.1 
73.6 

17  6 
18.1 

19.0 

76.7 

40 

24.5 

70.4 

20.7 

—      i 

— 

60 

25.2 

59.0 

24.2 

— 

— 

17 

Groom.   1646 

^m 

416.2 

377.5 

11.0 

420.3 

— 

2 

19.2 

75.1 

14.7 

3 

19.0 

77.9 

15.1 

19.8 

373.5 

3 

19.2 

77.0 

15.9 

8 

21.1 

68.2 

19.9 

19.5 

74.4 

18 

Groom.  1596 

4m27S 

419.0 

377.2 

13.7 

420.8 

372.0 

20"^ 

20.9 

68.7 

19.2 

19. 8 

73.3 

19 

e^  Tauri 

3^ 

420.3 

382.8 

13.4 

421.9 

377.7 

10 
10 

19  4 
22.2 

75.7 

16.9 
17.1 

20.8 

75.6 

30 

24.5 

— 

22.4 

— 

— 

20 

c  Plej. 

3 

410.6 

368.4 

17.0 

410.6 

368.4 

10 

12.7 

62.2 

21.5 

11.1 

70.9 

10 

14.0 

— 

21.8 

20 
20 

14.4 
15.5 

55.8 
56.7 

23.9 
24.0 

11.4 

70.0 

30 

15.7 

52.0 

26.3 

— 

— 

21 

e  Plej. 

3^ 

410.4 

366.7: 

14.0 

3 
3 

09.5 
11.0 

68.9 
68.0 

15.7 
16.6 

411.0 

366.4 

1 

10 

10.6 

64.4 

20.1 

09.2 

70.8 

20 

15.1 

57.3 

23.4 

11.8 

69.5 

\ 

30 

15.7 

54.3 

25.2 

11.3 

— 

im 

17.4 

45.2 

28.0 

— 

1 

2 

19.1 

39.3 

31.5 

— 

19 

g^  Tauri 

3^ 
3 

418.8 
19.8 

381.7 
85.6 

11.7 
11.7 

420.7 

375.7 

10 
10 

19.0 
20.0 

81.7 
78.1 

14.6 
16.1 

20.5 

76.9 

20 

21.8 

74.0 

18.7 

20.6 

78.1 

22 

o  Bootis 

10^ 

423.5 

390.0: 

12.0 

424.8 

— 

S 

40 

26.0 

78.7 

19.0 

24.8 

1   381.3 

60 

26.0 

80.6 

20.5 

23.6 

85.5 

23 

1]  Leon. 

V 

411.7 

374.9: 

1      13.4 

1 

09.7 

!      75.1 

1      14.3 

414.8 

371.4 

1 

10.6 

1      12.6 

1 

80 


Bertil  Lindblad, 


Star 

Exposure 

P^c 

^min 

D 

D  = 

=  17 

'      I- 

?    ■ 

(X[X 

1           I.IU 

fill 

/UU 

2 

409.3 

— 

14.9 

411.6 

— 

o 
O 

4 

12.5 
14.0 

475.9 
68.9 

16.2 
16.9 

14.0 

!      71.9 

4 

14.7 

16.9 

— 

6 

14.2 

69.5 

19.2 

\      12.8 

72.0 

7 
10 

16.4 
16.8 

67.4 
j      62.7 

20.0 
20.3 

14.8 

70.3 

15 

16.4 

1      58.2 

22.7 

13.8 

69.6 

20 
20 

20.2 
18.3 

53.0 

23.9 
25.2 

13.1 

1 

24  * 

Lai.   25224 

30 
10' 

20.9 

413.8 

50.7 
375.9 

27.0 
12.3 

15 

13.4 

74.9 

13.5 

417.4 

369.7 

25 

15.1 

71.4 

15.0 

25 

14.9 

70.1 

15.2 

16.9 

69.1 

30 

14.9 

72.3 

15.5 

30 

16.6 

70.6 

16.8 

16.8 

70.4 

jm 

18.1 

69.5 

18.3 

17.1 

70.6 

25 

B  Comae 

• 

5^ 
5 

414.4 
18.3 

378.3 

78.5 

13.8 
14.3 

418.1 

373.6 

10 
10 

18.1 
17.6 

76.1 
74.6 

16.1 
15.6 

18.3 

73.3 

16 
16 

18.5 
18.3 

71.2 
70.4 

17.0 

18.0 

18.3 

71.8 

30 

21.1 

65.9 

20.4 

19.0 

73.2 

26 

Lai.   24652 

45 
1^ 

23.2 
421.7 

60.5 
384.9 

22.9 
11.6 

18.7 
423.0 

73.5 
377.3 

2 

21.8 

82.8 

14.1 

23.0 

78.6 

3 

22.4 

79.1 

16.5 

22.7 

78.3 

5 
5.5 

23.6 
23.4 

75.1 

77.2 

17.9 
18.1 

22.8 

77.8 

27 
28 

Boss  3605 
G  Drac. 

8 

3 
10^ 

24.6 
429.2 

30.3 
418.5 

73.8 
385.1 

83.6 
376.5 

19.9 
16.1 

16.8 
15.6 

22.3 

429.8 
419.0 

78.8 
383.7 
374.1 

20 
20 

18.9 
18.9 

72.5 
73.7 

17.7 
17.0 

18.8 

74.1 

30 

21.1 

— 

18.8 

20.3 

— 

40 
40 

23.4 
22.7 

64.5 

21.3 
21.3 

21.1 

74.4 

jm 

26.6 

64.1 

21.8 

— 

— 

' 

2 

28.1 

56.2 

25.6 

— 

29 

Lai.   38287 

3 

30.5 
418.0 

49.1 
383.1 

28.4    1 
13.9 

419.6 

378.1 

Continuous  spectra  of  the  sun   and  the  fixed  stars. 
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Star 

Exposure 

/i. 

'  ^  in  i  n 

X) 

D  = 

:  17 

'•'^v 

I. 

'^min 

^^ 

uu 

jUU 

fiU 

fiu 

4 

419.7 

— 

17.1 

419.7 

6 

21.9 

369.2 

19.3 

6 

21.0 

71.6 

18.1 

420.8 

374.0 

12 

22.3 

60.0 

22.5 

18.2 

72.1 

30 

24  Vulpec. 

20' 

419.5 

377.6 

14.8 

420.8 

374.6 

30 

21.9 

76.7 

15.4 

22.1 

76.7 

30 

20.8 

79.3 

16.3 

45 

21.2 

75.6 

17.4 

20.9 

76.7 

1°^ 

21.5 

76.2 

17.3 

1 

20.0 

79.2 

16.1 

21.0 

76.4 

2 

25.1 

70.5 

19.7 

22.9 

76.8 

4 

28.1 

56.4 

26.9 

31 

y  Gygni 

V 

417.6 

379.1 

16.2 

1 

18.0 

15.5 

418.5 

378.4 

1 

18.0 

79.5 

16.3 

2 

21.2 



19.3 

— 

2 

19.1 

— 

i      18.7 

18.8 

4 

22.3 

21.9 

— 

6 

21.4 

61.8 

23.2 

— 

32 

61^  Cygni 

20' 

425.6 

384.7 

12.2 

427.0 

1    377.9 

30 

24.1 

80.9 

12.7 

25.3 

75.9 

30 

23.9 

80.9 

14.2 

^m 

24.7 

78.9 

16.5 

24.5 

77.7 

1 

24.3 

75.9 

17.3 

1.5 

28.0 

74.4 

18.5 

27.0 

77.0 

2 

26.0 

67.2 

21.2 

2 

26.7 

69.5 

21.5 

23.6 

77.4 

3 

29.3 

69.7 

21.1 

4 

32.9 

65.5 

24.2 

26.2 

— 

6 

35.0 

60.7 

25.8 



12°^45' 

38.9 

51.5 

31.1 

— 



33 

61^  Gygni 

30' 

423.9 

— 

10.8 

424.9 

30 

23.9 

— 

10.0 

— 

im 

23.7 

— 

13.3 

23.8 

— 

1 

21.1 

385.1 

13.3 

379.7 

1.5 

24.8 

83.4 

14.1 

26.0 

79.2 

2 

26.5 

72.9 

15.9 

2 

24.1    1 

77.4 

16.2 

25.5   1 

74.4 

3 

25.0 

75.9 

16.7 

4 

6 

27.1 

28.6 

69.7 

70.8 

19.4 
21.0 

25.8 

74.9 

12^^45' 

32.2 

24.1 

25.6 

— 

34 

?  Gygni 

2' 

420.7 

385.1 

10.1 

—      1 

4 

20.0 

84.9 

11.9 

421.4   i 

377.3 

B.  Lindblad:  Continuous  specta  of  the  sun  and  the  fixed  stars. 


Bertil  Liiidblad, 


Star 

Exnofiiire 

Ac 

^miu 

D 

D  = 

-  17 

1 

/,. 

^inin 

flfl 

fifi 

//u 

fXfJ, 

6 
6 

420.0 
19.4 

381.9 
80.9 

14.4 
13.3 

421.2 

377.1 

8 
8 

17.5 
22.4 

I 

14.5 
15.0 

21.3 

— 

12 
12 

21.5 
22.2 

78.5 
78.3 

17.5 
16.4 

21.9 

78.4 

20 

24.1 

71.9 

18.7 

22.9 

76.1 

40 

29.3 

67.6 

22.1 

— 

78.9 

60 

29.5 

61.0 

23.1 

— 

— 

35 

109  Here. 

5^ 

427.8 

380.6: 

13.4 

427.8 

— 

10 

29.5 

81.3 

16.0 

380.0 

10 

25.4 

— 

15.8 

27.5 

— 

15 

28.2 

77.0 

17.8 

20 

26.3 

— 

18.6 

26.9 

78.8 

20 

26.3 

77.4 

18.5 

40 

30.3 

71.4 

21.8 

28.7 

78.3 

1"^ 

.    30.3 

67.4 

25.1 



36 

/?  Delph. 

5^ 

416.8 

373.2 

18.5 

416.2 

376.3 

10 
10 

19.2 
17.7 

65.2 
62.2 

21.7 
20.9 

15.6 

73.6 

20 

23.7 

57.7 

24.2 

17.9 

— 

37 

Lai.   38683 

jm 

422.4 

384.9 

11.7 

423.7 

377.5 

2 

21.1 

81.7 

14.4 

22.1 

77.9    1 

5 

22.0 

75.3 

17.5 

21.7 

76.1 

12 

23.7 

20.6 

20.8 

— 

38 

Groom.   3150 

10' 
10 

414.3 
15.1 

378.1: 
76.6: 

11.3 
11.7 

418.4 

— 

20 

17.3 

79.6 

14.0 

18.8 

374.7 

40 

19.2 

— 

17.5 

— 

50 

17.5 

72.3 

17.8 

17.5 

50 

16.4 

73.4 

17.7 

74.3 

80 

17.9 

68.0 

19.6 

73.5 

80 

20.5 

— 

19.2 

18.0 

1 

1 

2m 

20.9 

21.8 

17.5 

— 
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The  values  found  for  X^  and  imin  from  the  measurements  were 
plotted  in  diagrams  against  the  diameter  D,  whereby  six  distinct 
types  of  the  resulting  curves  were  discerned  for  both  wave-lengths; 
for  Xc  the  first  type  has  been  divided  into  two,  la,  lb.  The  types 
correspond  to  certain  intervals  of  spectral  t3^pe  and  absolute  magni- 
tude in  the  following  way: 


I 

II 

III 

K2-Mc 

K2-IVlb 

F9-K1 

Giants 

Dwarfs 

Giants 

IV 


V 


F5-K1     F1-F4      A 
Dwarfs        Giants 


VI 
B 


In    some    cases    the    appearance    of   the  curves  for  a  certain  star 
agrees    better  with   the  curves  of  an  adjacent  type  than  with  the 

Table  10. 
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curves  indicated  by  the  known  spectral  type  of  the  star;  in  such 
cases  the  star  has  been  referred  to  the  adjacent  type  in  question. 
Each  type  of  the  curves  was  treated  separately  and  a  charac- 
teristic curve  was  drawn,  generally  nearly  following  one  of  the 
best  determined  stars  but  regard  being  paid  to  general  tendencies 
of  deviation  shown  by  the  other  stars  concerned.     With  the  pro- 
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Fig.  4. 


visional  curve  thus  determined  all  values  of  the  wave-lengths 
within  a  certain  interval  of  B  were  reduced  to  normal  intensity 
J)  =  n  by  determining  the  residuals  relative  to  the  curve  values; 
the  agreement  with  the  typical  curves  for  the  separate  stars  is 
very  good,  especially  for  imin,  so  that  we  may  use  a  large  inter- 
val of  D  for  the  reduction  to  normal  intensity.  The  residuals 
were  plotted  against  D  and  remaining  deviations  of  a  systematic 
character  as  far  as  possible  removed.  The  results  are  given  in 
table   10   for  i^  and  in  table  11  for  iminl  they  are  shown  graphi- 
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cally  ill  fig.  4  and  5  for  tlie  interval  of  D  used  in  deriving  the 
final  values.  The  numbers  of  the  stars  in  eacli  type  are  those 
of  table  9.  The  improved  values  of  Xc  and  imin  for  J)  =  \1  are 
given  in  the  two  last  columns  of  table  9. 
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Types  II  and  IV,  in  which  the  dwarfs  predominate,  are  re- 
presented by  dotted  curves  in  fig.  4  and  fig.  5. 

The  appearance  of  the  curves  shows  some  interesting  features. 
For  ic  the  curves  for  different  luminosities  but  nearly  the  same 
normal  values  of  Zc  are  not  very  different,  thus  the  curves  I  b  and 
II  are  practically  the  same.  Here  there  is  for  all  types  a  general 
increase    of   ic   with    the    intensity    of  image.     The  differences  in 
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the  appearance  of  the  effect  for  the  Krariz  plate  and  the  Imperial 
plate ^  must  be  ascribed  to  the  facts  mentioned  about  the  sen- 
sibility-curves of  the  two  plates,  namely  that  the  Imperial  plate 
has  a  region  of  sensibility  extending  farther  in  the  green  region 
of  Ihe  spectrum.  The  effect  on  ?.c  of  varying  intensity  of  image 
is  probably  not  mainly  due  to  a  different  gradation  law  for  diffe- 
rent wave-lengths,  it  must  be  connected  with  the  fact  that  there 
exists  for  the  plate  a  minimum  effective  intensity  as  well  as  a 
maximum  density  of  the  blackening.  If  the  photographic  inten- 
sity-curve has  a  less  rapid  fall  in  one  direction  than  in  the  opposite 
one,  the  blackening  will  attain  the  maximum  more  rapidly  on  the 
former  side  with  increasing  intensity  of  the  images;  the  contour 
of  the  perfectly  blackened  surface  will  therefore  be  most  rapidly 
expanded  in  this  direction,  and  thus  the  center  of  density  will  be 
removed.  The  displacement  of  Xc  towards  the  red  side  would 
mean  that  the  active  photographic  energy-curve  generally  has  a 
perceptibly  smaller  inclination  at  the  border  of  the  strong  images 
towards  long  wave-lengths  than  at  the  border  of  short  wave- 
lengths. 

For  y^.aiin  there  is  a  trace  of  irregularity  in  the  appearance  of 
the  effect  for  the  giant  types,  at  about  X  317  fifi  for  late  types 
and  near  X  368  fi/ii  for  A  stars.  The  dwarf  types  on  the  other 
hand  show  very  smooth  curves.  It  is  very  probable  that  for  the 
giants  we  are  concerned  with  an  effect  of  the  strong  ultra-violet 
iibsorption  lines,  for  the  later  types  the  iron  groups,  for  A  stars 
the  crowding  of  lines  in  the  Balmer  series  towards  X  365  ^^  and 
the  continuous  extinction  due  to  hydrogen  extending  several  fifi 
beyond  this  limit  towards  shorter  wave-lengths'^.  In  fact  a  bend 
of  the  curve  must  occur  if  the  intensity-curve  of  the  stellar  spect- 
rum has  a  steep  decrease  at  a  certain  wave-length. 

For  the  short  grating  spectra  corresponding  to  small  values 
of  D  the  changes  of  the  ideal  intensity-curves  due  to  the  imper- 
fectness  of  the  optical  images  of  the  spectra  will  be  of  relatively 
small  importance,  the  errors  caused  by  the  overlapping  of  mo- 
nochromatic images  may  be  thought  to  compensate  each  other 
roughly.  The  conditions  are,  however,  very  different  for  the 
region    of   the   grating  spectrum  where  the  photographic  intensity 


'  Cf.   B.  Lindblad,  Arkiv  for  Mat.,  Astr.  och  Fysik,  Bd  13,  N:o  26,  p.  24. 
'-^  W.    HuGGiNS    and    Lady  Huggins,    loc.  cit.;     W.    H.   Wright,    Lick    Obs. 
Bulletin,  Nr.  291,  1917. 
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in  a  pure  spectrum  would  be  very  small  compared  with  the  in- 
tensities at  the  strongest  points  of  the  image.  The  imperfectness 
of  the  optical  reproduction  will  cause  here  quite  a  false  energy- 
curve  and  the  measured  values  of  >^min  will  be  only  apparent 
values.  The  character  of  the  images  will  change  when  this  region 
is  attained  by  the  border  of  the  image;  this  must  be  the  case 
for  large  values  of  D.  We  may  express  the  facts  very  simply  by 
stating  that  with  increasing  values  of  D  the  difference  of  quality 
between  the  spectra  and  the  central  image  vanishes.  The  result- 
ing apparent  photographic  energy-curve  of  the  spectra  will  have 
a  relatively  small  inclination,  and  consequently  the  extension  of 
the  images  in  the  direction  of  short  wave-lengths  will  proceed 
rapidly  with  increasing  values  of  7);  we  ought  to  have  a  nearly 
linear  relation  between  2min  and  D  such  as  we  actually  fmd  here  for 
large  values  of  D.  A  pure  energy-curve  would  give  a  change  of 
^min  per  unit  increase  of  I)  decreasing  towards  large  values  of  J), 
as  Avill  be  shown  below.  The  transition  between  the  two  types 
of  the  effect  may  of  course  be  a  gradual  one,  but  if  there  is  a 
rapid  decrease  of  the  energy-curve  in  a  certain  region  the  change 
may  be  a  rather  abrupt  one. 

Suppose  /'.•  I  is  the  photographic  intensity  for  a  certain  wave- 
length, where  the  factor  f  is  due  to  the  varying  sensibility  of  the 
plate  from  one  wave-length  to  another.  For  different  exposures 
of  the  same  star  we  then  shall  have  at  the  border  of  the  photo- 
graphic image 

h  ■fl=  C, (26) 

where  C  is  a  constant,  h  is  proportional  to  the  relative  increase 
of  photographic  intensity  from  one  exposure  to  another;  we  may, 
for  instance,  take  for  h  the  photographic  intensity  at  the  effective 
wave-length,  which  we  suppose  to  be  the  same  for  the  different 
images.  Differentiating  the  logarithm  of  the  two  members  we  get, 
if  we  define  m  =  —  2.5  log  h, 

J^  d{fl)  _  ^  dm 
Tl~dr  ~  loge  dl 

A  variation  of  '})i  is  equivalent  to  a  variation  of  the  apparent 
magnitude  of  the  star;  if  we  use  the  diameter  law  in  the  form 

m  =  a  ^  b  log  D , 
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Ave  get,  by  putting  — y^  =  (/"/)' , 

and  thus 

dX      0.4  h  •  fl 


cW        B{jT)' 


(27) 


The  change  of  wave-length  at  the  border  of  the  image  with 
the  diameter  is  thus  inversely  proportional  to  the  value  of  D  and 
the  relative  increase  of  fl  with  the  wave-length.  From  the  curves 
in  fig.  5  it  seems  as  if  the  formula  (27)  were  applicable  to  about 
D  =  17,  where  the  impurity  of  the  spectra  seems  to  become 
sensible  very  suddenly  for  G  type  giants. 

The  above  arguments  may  noAV  be  used  for  an  estimation  of 
the  effect  of  varying  zenith-distance  on  imin.  Let  g  and  o-^  be  the 
coefficients  of  extinction  in  the  terrestrial  atmosphere  for  the  mi- 
nimum and  the  effective  wave-lengths  respectively.  We  start  from 
the  value  of  >^miu  for  the  star  placed  in  zenith  and  suppose  that 
s  is  the  increase  of  atmospheric  mass  for  another  position  of  the 
star.  In  order  that  the  photogi-aphic  intensity  at  the  effective 
wave-length  shall  be  the  same  in  the  new  position  we  must  mul- 
tiply the  intensity  of  the  stellar  spectrum  by  e''^",  the  resulting 
intensities  for  different  wave-lengths  are  then  to  be  multiplied  by 
the  coefficients  of  transmission  for  the  particular  wave-lengths- 
considered.     Then  we  have  the  equation 

Iv 

Putting  (J  — (7„  =  Ag  we  get  for  li  =  const. 
Then  w^e  get 

and  thus,  combining  with  (27), 

(U     AgD  cU 


ds      OAhdD ^^^'^' 
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According  to  the  results  of  L.  V.  King  mentioned  in  chapter 
I  we  need  only  consider  the  selective  absorption  due  to  the 
density  changes  of  the  air  molecules  and  not  the  influence  of  the 
atmospheric  dust.     For  760  mm.  pressure  we  then  have 

G  =  0.010  ;-4  +  const. 

Assuming    for    Ac  the    value    0.420  fi,    for  >?.nun  0.375  ^i  we  obtain 
Ag=  0.184. 

From  ten  stars  in  the  Pleiades,  ranging  between  the  magni- 
tudes  +  3.41  and   +  8.36  I  have  found  b  =  -  10.6.    Putting  D  =  17 

Id 


and    with    the  values  of  -^^  for  J)  ^  \1  taken  from  fig.  5  I  have 


found  the  values  of  ^  =  —p—   in  the   third  column  of  table  12. 

as  ^atin. 

In  deriving  the  values  of   .        I  have  started  from  the  results 

-^atm. 

in  a  previous  investigation  ^  The  values  of  the  coefficient  found 
for  an  Imperial  plate  for  certain  values  of  ?.c  were  assumed  to  be 
valid   for  the  same  wave-lengths  on  the  Kranz  plate  except  for  a 

reduction  by  multiplication  by  —-,   this  factor  is  taken  to  account 

for  the  different  increase  of  Zc  with  the  spectral  type  for  the  two 
plates.  The  results  are  given  in  the  second  column  of  table  12  for 
each  of  the  six  types  of  the  tables  10  and  11;  the  close  coincidence 
between  the  zenith-corrections  for  Xc  and  >lmin  is  remarkable.  For  a 
certain  zenith-distance  s  we  have 


'atm 


sec 


-    1. 


Table  12. 


^  B.  LiNDBLAD,  loc.  cit.,  p.  34. 


Type 

AXc 
\ 

-•atm. 

iatm. 

I 

+  1.1 

flfl 

+  1.0 

II 

1.2 

1.2 

III 

1.4 

1.0 

IV 

1.5 

1.5 

V 

1.8 

0.7 

IV 

2.2 

1.9 
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In  order  to  get  the  final  values  of  /,■  and  imin  we  take  the 
mean  of  the  reduced  values  in  table  9.  To  each  separate  value 
in  the  table  was  given  a  Aveight  equal  to  the  number  of  images 
from  which  it  has  been  derived.  (Such  original  values  as  are 
marked  Avith  the  sign:  indicating  uncertainty  in  the  measurements 
have  generally  not  been  used.)  The  final  values  of  Xc  and  ^imin 
were  then  found  by  applying  a  zenith-correction  in  accordance 
with  table  12.  The  values  of  the  correction  to  zenith  are  undoub- 
tedly subject  to  some  uncertainty;  it  would  be  very  valuable  to 
verify  the  correction  for  imi„  by  observation,  but  this  is  made 
very  hard  by  the  bad  quality  of  the  images  at  great  zenith-distan- 
ces. Generally,  however,  the  zenith-distances  for  the  stars  here 
employed  are  rather  small  and  therefore  no  appreciable  uncertainty 
in  our  results  due  to  an  erroneus  zenith-correction  is  to  be  feared. 
The  final  values  of  ?.c  and  y^min  are  given  in  table  13.  The  spectral 
type  and  the  absolute  magnitude  are  generally  taken  from  Adams 
and  Joy's  catalogue  (spectrum  estimated);  for  early  type  stars  the 
spectra  are  taken  from  Harvard  observations,  absolute  magnitudes 
from  Walkey's*  compilation  of  stellar  parallaxes.  The  apparent 
magnitudes  and  the  coordinates  are  generally  given  according  to 
Adams  and  Joy's  table.  The  columns  headed  c,  and  c,,  contain 
the  corrections  of  /,•  and  Imxn  to  zenith,  ?^,  and  n^  are  the  total 
number  of  images  from  which  the  wave-lengths  have  been  derived. 


^  See  note  on  p.  8. 
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The  mean  errors  of  i^  and  imin  computed  from  the  differen- 
ces from  the  mean  values  of  each  star  would  have  rather  small 
values.  However,  if  we  take  into  account  possible  deviations  of 
a  more  systematic  kind  from  one  plate  to  another,  due  for  in- 
stance to  a  possible  difference  in  the  quality  of  the  plates,  un- 
steadiness of  the  air,  or  a  somewhat  varying  personal  equation  in 
the  measurements  (especially  for  imin)  we  must  probably  admit 
possible  errors  in  the  final  results  of  the  order  of  magnitude 
0.5  —  1  11^.  Three  stars,  B^  Tauri,  Lai.  45755,  i  Cephei,  have 
been  measured  here  on  more  than  one  plate;  for  these  stars  the 
values  from  the  two  plates  agree  well.  I  have  sought  especially 
to  eliminate  systematic  errors  in  the  magnitude  of  the  luminosity- 
effects  by  taking  stars  of  different  luminosities  but  nearly  the 
same  spectral  type  on  the  same  plate.  The  extreme  redness  found 
here  for  the  star  B.  D.  26^4721  is  interesting  but  ought  to  be 
tested  with  new  plates.  In  fig.  6  and  fig.  9  this  star  is  not  to 
be  found  because  it  falls  outside  the  mar2:ins  of  the  figures.  The 
values  for  the  star  A.  Oe.  25685  which  only  depend  on  one  mea- 
sured image  are  not  reproduced  in  the  figures. 

The  results  contained  in  the  above  table  are  shown  graphi- 
cally in  fig.  6 — 9.  Let  us  consider  first  fig.  6,  giving  the  effective 
wave-length  ic  as  a  function  of  the  spectral  type.  For  late  type 
stars  the  open  squares  denote  giants  with  absolute  magnitude 
(apparent  mag.  at  the  distance  10  parsec)  M<  +0.3,  the  open 
circles  giants  nor  far  from  M  =  +  LO;  the  black  cirkles  represent 
dwarfs  with  M  <  +  7.0,  the  black  squares  represent  very  small 
dwarfs,  M  >  +7.0.  For  early  type  stars,  the  B  and  A  stars,  I 
have  used  open  circles,  except  for  the  two  dwarfs  e  Cephei  and 
Lai.  25224.  The  absolute  magnitudes  are  perhaps  to  be  estimated 
considerably  smaller  than  +  1.0.  The  star  P  Cygni  of  a  peculiar 
spectral  type  has  not  been  used  in  the  first  two  diagrams. 

The  general  character  of  the  diagram  is  the  same  as  in  the 
corresponding  diagrams  of  previous  papers,  but  some  characte- 
ristic features  are  unusually  pronounced  here,  especially  the  con- 
stancy of  the  effective  wave-length  in  the  giant  series  between 
G  2  and  K  0  and  the  very  strong  increase  between  types  K 1 
and  K  5. 

In  this  connection  we  are  most  interested  in  the  luminosity- 
effect.  Because  of  the  smaller  general  variation  of  A-  on  Kranz 
plates    compared    with    the    plates  used  in  previous  investigations 
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we  must  expect  the  luminosity-effect  to  be  smaller  in  a  corre- 
sponding proportion.  But  in  addition  it  seems  as  if  for  this  sort 
of  plates  the  luminosity-effect  vanishes  altogether  about  spectral 
type  G  5.  In  the  preceding  chapter  we  arrived  at  the  result  that 
the  luminosity-effect  in  the  effective  wave-length  is  mainly  due  to 
a  change  of  effective  temperature.  Now  it  is  evident  that  the 
effective  wave-length  on  the  Kranz  plate  is  very  slightly  sensitive 
to  the  change  of  temperature  between  the  types  G  2  and  K  0,  so 
that  a  vanishing  of  the  difference  in  ic  between  giants  and  dwarfs 
about  type  G  5  must  be  expected.  On  the  other  hand  a  glance 
at  fig.  7  shows  us  immediately  that  there  is  a  considerable  lumi- 
nosity-effect in  -^min  for  tlie  type  in  question,  though  i^min  ^Iso 
proves  to  be  nearly  insensible  to  a  change  of  temperature  between 
G  2  and  K  0.  For  imin  the  luminosity-effect  must  therefore  be  of 
an  essentially  different  and  a  more  strongly  selective  kind  than 
for  Xc  Thus  the  results  derived  here  strongly  support  our  main 
results  in  the  preceding  discussion. 

Fig.  7  gives  >lmin  as  a  function  of  the  spectral  type.  It  is 
seen  at  once  that  the  two  color-equivalents  Ic  and  >lmin  have 
some  characteristic  features  in  common,  in  addition  to  the  con- 
stancy between  G  2  and  K  0  and  the  rapid  increase  between  K  1 
and  K  5  there  are  especially  the  changes  of  the  giant  curves  at 
the  types  B  5  and  K  5. 

The  relatively  very  strong  luminosity-effect  for  lm\n  is  caused 
by  several  circumstances.  The  effect  in  imin  of  a  change  of  effec- 
tive temperature  is  reduced  to  a  minimum  by  the  absorption  in 
the  objective  lenses  causing  a  very  steep  inclination  of  the  photo- 
graphic intensity-curve  at  the  boundary  of  the  images  towards 
short  wave-lengths.  At  the  same  time,  however,  the  absorption 
of  the  lenses  has  caused  a  sharp  boundary  of  the  images  to  fall 
exactly  in  the  region  of  the  extremely  selective  luminosity-effect 
due  to  some  wide  ultra-violet  groupings  of  lines.  For  a  reflector 
or  a  refractor  with  U.-V.  glass  these  circumstances  will  not  occur 
to  the  same  extent;  for  these  instruments  the  method  followed 
here  must  certainly  be  modified.  It  is  probable,  however,  that 
such  instruments  will  prove  to  be  superior  in  several  other  re- 
spects for  a  rigorous  study  of  the  effects  in  question. 

The  stars  between  G  1  and  G  9  may  be  divided  into  three 
groups  with  different  luminosities.  The  mean  values  of  ^min  and  M 
with  their  mean  errors  are  given  below  for  each  of  the  three  groups. 
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Number  of  stars 

Spectral  type 

M 

^min 

3 

G6 

—  0.4  ±  0.0 

378.6  +  0.9 

6 

G5 

+  1.0  ±  0.2 

376.2  ±  0.2 

7 

G4 

4  5.6  ±  0.8 

373.1  ±0.3 

The   results  are  illustrated  in  fig*.  8.    The  change  of  imia  per  unit 
absolute    magnitude    increases    with    decreasing    ilf;    this  result  is 
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analogous  to  that  found  by  F.  H.  Seares^  for  the  luminosity-effect 
in  the  color-index. 

The  luminosity-effect  in  >^umin  seems  to  be  fairly  constant  for 
all  later  types;  paying  some  attention  to  fig.  8  I  have  been  able 
to  draw  in  fig.  7  nearly  parallel  curves  corresponding  to  the  ab- 
solute magnitudes  —  0.5,  +1.0,  +  6.0,  +  9.0.  The  curve  for 
Jf  =  +  6  is  perhaps  drawn  somewhat  too  high  at  t3^pe  K  5.  The 
luminosity-effect  in  imin  seems  to  be  relatively  large  for  the  types 


^  loc.  cit.  ill  the  introduction. 
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K  5  —  K  8,  probably  because  the  general  luminosity-effect  is  espe- 
cially well  developed  here  as  shown  in  fig.  6.  The  resulting  effect 
for  iuiin  wil  therefore  be  due  to  a  composition  of  two  tendencies 
working  in  the  same  direction. 

We  cannot  draw  any  definite  conclusions  here  about  the 
luminosity-effects  for  early  type  stars. 

We  now  turn  to  discuss  the  extremely  important  question 
how  far  the  absolute  magnitudes  may  be  determined  without  a 
knowledge  of  the  spectral  types  of  the  stars,  only  by  the  use  of 
the  two  color-equivalents  Ic  and  Imiw  In  fig.  7  it  is  seen  that 
between  K  0  and  K  5  we  must  have  a  very  rigorous  determination 
of  the  spectral  type  in  order  to  get  the  absolute  magnitudes  with 
any  certainty.  But  at  the  same  time  we  see  from  fig.  6  that 
rather  good  values  of  the  spectral  types  may  be  secured  from 
Ic  just  for  the  spectral  types  of  this  interval,  because  there  is 
here  a  very  strong  increase  of  X^  with  increasing  spectral  type. 
An  elimination  of  the  spectral  type  thus  seems  quite  possible. 

In  fig.  9  the  two  color-equivalents  are  plotted  against  each 
other;  the  scale  for  >^min  is  half  that  for  Ic.  I  have  drawn  in  the 
diagram  dotted  lines  to  discriminate  roughly  between  giants  and 
dwarfs.  It  is  evident  that  there  exist  three  distinct  groups  of 
giants  between  which  large  discontinuities  of  the  wave-lengths  occur; 
it  is  possible  that  this  fact  may  be  of  importance  for  the  problem 
of  stellar  evolution.  The  limiting  values  of  Xc  and  im.u  for  the 
three  giant  groups  as  given  in  fig.  9  are  as  follows. 

White  giants  Yellow  giants 

Xc  <  417.9  ^^,       imin  <  "^ll.^  ^l^i       Ic  <  ^2\A  [1(1      imin  >    375.3  ^/t 


Red  giants 
i,.>  423.5  /f^,     imin  >  378.2  f^ii 


The  value  of  the  limit  of  Xc  for  the  first  group  is  perhaps 
somewhat  too  large  for  stars  of  regular  types,  the  giant  o  Leonis 
situated  near  the  limit  is  of  the  type  F  4  p,  according  to  Adams 
and  Joy,  and  is  recorded  by  Miss  Maury  as  having  a  spectrum  of 
composite  type. 

In  the  case  of  the  dwarfs  there  is  also  a  decided  difference 
between  »yellow»  and  »red>  ones,  but  the  abruptness  of  the 
change  in  imin  has  probably  no  deep  signification,  being  due  to 
a  change    at  the  pointed  end  of  the  dwarf  spectrum.    Because  of 
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the  existence  of  the  strong  ultra-violet  lines  a  change  of  tempe- 
rature may  well  cause  a  sudden  increase  of  imiu  when  we  proceed 
towards    later    types;    moreover,    we    are    here    concerned  with  a 


O 

o 


I 
•   I 


irri 

to 


lo     o 
o 


K  *  1 


y  *y 


o  a 


? 


type  of  images  for  which  observational  errors  may  cause  appreciable 
deviations.  A  third  group  of  dwarfs  corresponding  to  the  B  and  A 
giants  is  perhaps  indicated  by  the  single  A  dwarf  at  ic  =  416.1  /i/n, 
^miu  =  369.3  fifi. 
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The  lines  drawn  seem  to  isolate  pretty  well  giants  and  dwarfs 
between  A  5  and  Mb,  but  there  is  at  least  one  region  in  which 
the  values  of  i,  and  /i,„in  for  i>  =  17  seem  to  leave  the  matter 
undecided;  it  seems  as  if  dwarfs  of  types  K  1  —  K5  may  coincide 
with  pronounced  giants  of  type  G  5  —  G8.  The  difference  of  the 
characteristic  curves  in  fig.  5  is,  however,  so  great  that  we  can 
probably  always  discriminate  between  the  two  apparent  possi- 
bilities here,  if  we  have  measured  a  sufficiently  great  number  of 
images  with  different  intensities. 

When  the  general  character  of  the  luminosity  has  thus  been 
determined  we  can  derive  a  more  accurate  value  of  the  spectral 
type  by  means  of  fig.  6,  and  get  a  better  estimation  of  the  ab- 
solute magnitude  from  fig.  7.  In  this  way  we  may,  at  least  theo- 
retically, proceed  in  several  successive  approximations.  We  may 
also  use  another  process  drawing  directly  in  fig.  9  curves  for 
equal  spectral  types  and  equal  luminosities.  How  far  there  exists 
any  possibility  of  discriminating  in  such  a  diagram  between  the 
giants  of  type  M  and  those  of  the  type  K  2  —  K  5  is  not  clear. 
The  early  B  stars  can  proba})ly  be  distinguished  from  A  stars  by 
means  of  the  characteristic  curves  in  fig.  5.  Between  G  1  and  K  0 
the  wave-lengths  on  a  Kranz  plate  do  not  admit  of  a  rigorous 
determination  of  the  spectral  type. 

The  conclusion  drawn  in  the  preliminary  investigation  referred 
to  above  have  thus  been  confirmed  in  the  new  investigation  here; 
we  are  able  to  state  that  a  discrimination  between  different  degrees 
of  luminosity  is  possible  to  a  great  extent  by  means  of  the  effective 
and  minimum  tvave -lengths  determined  from  the  grating  spectra^ 
without  any  reference  to  the  spectral  lines.  We  may  also  state 
from  fig.  6,  as  far  as  we  are  concerned  with  the  stellar  types 
here  investigated,  that  stars  ivith  Xc  >  426  f.ifi  in  the  Kranz  system 
are  giants. 

In  this  connection  we  may  finally  add  some  words  concerning 
the  systems  of  effective  wave-lengths  used  in  various  investigations 
connected  with  the  Zeiss-Heyde  astrograph  at  the  Observatory  of 
Upsala.  The  first  system,  employing  Lumiere  plates  was  that  of 
0.  Bergstrand  and  B.  Lindblad^'  after  this  investigation  was  per- 
formed the  position  of  the  medium  lense  of  the  objectives  was 
somewhat    changed  in  order  to  get  good  images  on  a  larger  part 


'  Arkiv  for  Mat.,  Astr.  och  Fysik.  Bd  11,  N:o  17,  1916. 
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of  the  plate.  In  a  following  investigation^  I  used  an  Imperial 
plate,  9220  A,  S.  S.,  which  was  found  to  give  very  favourable 
results;  this  system  has  formed  the  basis  for  the  investigations  of 
K.  LuNDMARK  and  B.  Lindblad^  on  the  effective  wave-lengths  of 
nebulae  and  clusters.  In  the  investigation  just  mentioned  measure- 
ments for  late  type  stars  were  also  performed  on  Wellington  plates, 
Press  plate  3033.  This  system  is  reduced  to  Imperial  by  sub- 
tracting S  fifi.  In  the  preliminary  notice^  on  the  two  color-indices 
of  the  grating  spectra  I  used  Imperial  S.  S.,  9629  A  (Imperial  II). 
The  system  derived  here  is  reduced  to  the  first  Imperial  system 
by  adding  3  fifi  to  Ac.  In  all  the  systems  mentioned  here  except 
the  first,  the  normal  intensity  of  image  determined  by  the  diameter 
of  the  central  image  has  been  D  =  14,  expressed  in  hundredths 
of  a  revolution  of  the  micrometer;  in  the  first  investigation  we 
used  D  =  15  as  normal  intensity. 

To  these  systems  with  the  first  Imperial  system  (Imperial  I) 
as  a  standard  I  have  here  added  one  on  the  Kranz  plate,  normal 
diameter  D  =  17,  a  system  which  differs  perceptibly  from  the 
others,  especially  by  the  small  amplitude  of  variation.  The  wave- 
lengths may  be  measured  here  with  great  accuracy,  but  in  order 
to  get  a  color-equivalent  nearly  analogous  to  the  usual  color-index 
the  Imperial  S3^stem  is  to  be  preferred.  There  are  11  stars  com- 
mon to  Kranz  and  Imperial  I;  they  may  be  fairly  connected  by 
the  formula 

>^/-410  =  1.87  (;Ia'- 410). 

However,  13  stars  common  for  Kranz  and  Imperial  II  indicate  a 
rather  complicated  curve  for  the  relation  in  question;  of  course 
this  may  be  due  to  a  difference  between  Imperial  I  and  Imperial 
II,  but  this  is  not  very  probable. 

In  what  concerns  imin  the  results  derived  in  the  present  in- 
vestigation seem  to  agree  well  with  those  of  the  preliminary  in- 
vestigation. The  values  of  >^niin  are  systematically  somewhat 
smaller  here,  this  is  probably  due  exclusively  to  tlie  greater  value 
of  D  used  as  normal  value  and  the  different  method  of  measuring; 


1  Arkiv  for  Mat.,  Astr.  och  Fysik.  Bd  13,  N:o  26,  1918. 
■2  Astron.    Nachr.    205,   161,   1917;  Astrophys.  Journ.  46,  206.     Astrophys. 
Journ.  50,  376,  1919. 

^  Astrophys.  Journ.  49,  289,  1919. 
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in  the  preliminary  notice  imin  was  measured  with  a  double  thread 
of  the  micrometer,  here  it  was  obtained  by  means  of  a  touching 
single  thread. 


2.    Application  of  the  method  to  a  region  in  Cepheus. 

A  plate  taken  for  the  purpose  of  securing  images  of  the  Mb 
dwarf  Krliger  60  turned  out  to  be  of  a  very  good  quality;  for 
the  best  region  of  the  plate  accurate  determinations  of  Ac  and 
>iniin  for  the  faint  unknown  stars  seemed  quite  possible.  Another 
plate  was  then  secured  for  the  same  region,  and  all  stars  with 
favorable  images  situated  in  a  certain  small  square  (about  4  cm^) 
on  the  plates  were  measured.  The  data  of  the  plates  are  given 
below. 

Plate  Date  Sidereal  time  Exposures 

1  Sept.  29,  1919       0^32"^~2^31°^       35^4^    80^^ 

2  Oct.     24,  1919     2^^30.5^-4H5^  128 


m 


The  coordinates  of  the  optical  center  of  the  plate  are  somewhat 
different  for  the  two  plates;  through  this  arrangement  the  in- 
fluence of  systematic  errors  depending  on  the  position  of  the  stars 
relative  to  the  plate  center  is  diminished. 

A  reproduction  of  the  second  plate  is  given  in  PI.  I  at  the 
end  of  the  paper.  The  square  marks  the  region  mentioned.  The 
first  star  in  the  tables  below,  B.  D.  57^2.514,  is  situated  somewhat 
outside  the  upper  left  corner  of  the  square. 

The  measurements  were  reduced  by  means  of  the  curves  in 
fig,  4  and  5  and  corrections  for  the  zenith-distance  were  applied. 
Images  with  D  <  14  were  generally  excluded;  further  generally 
only  those  stars  have  been  given  in  the  tables  below  for  which 
at  least  two  good  determinations  have  been  secured.  Exceptions 
are  sometimes  made,  especially  for  red  giants,  the  spectra  of 
which  are  very  characteristic.  The  results  of  the  measurements, 
and  the  final  values  of  the  wave-lengths  are  given  in  table  14. 
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Table  14. 


Slar 

Expo- 
sure 

yic 

Am'ui 

1 

•    ic 

'tmin 

1 

B.  D. 
57^2514 

rnin. 

128 

417.1 

flfl 

371.0 

16.4 

418.0 

371.0 

80 

18.6 

74.4 

15.9 

2 

56^2768 

128 

417.1 

368.2 

20.2 

413.5 

372.9 

80 

15.2 

66.7 

20.0 

35 

11.1 

75.7 

15.7 

3 

— 

128 

418.2 

374.7 

14.0 

419.6 

370.5 

80 

18.6 

75.9 

14.4 

4 

57^2519 

128 

417.6 

370.6 

18.4 

416.7 

371.4 

80 

18.8 

19.3 

35 

15.4 

72.7 

15.3 

5 

57^2521 

128 

430.9 

362.0 

26.4 

422.6 

379.4 

80 

33.6 

64.6 

27.0 

35 

28.3 

70.8 

23.0 

6 

— 

128 

415.8 

372.5 

16.0 

415.1 

372.4 

80 

12.6 

73.8 

17.0 

7 

— 

128 

417.1 

374.2 

16.7 

416.3 

374.4 

80 

15.4 

77.4 

16.1 

8 

5(3*^2772 

128 

422.9 

382.2: 

15.6 

422.7 

382.9 

80 

22.1 

86.5 

15.4 

9 

56^2773 

128 

416.7 

366.1 

19.8 

414.2 

369.9 

80 

16.5 

61.8 

21.4 

35 

14.1 

69.1 

17.6 

10 

128 

416.3 

370.2 

17.7 

414.9 

371.9 

80 

15.4 

72.3 

18.2 

11 

— 

128 

415.6 

372.3 

16.6 

415.2 

372.3 

80 

14.6 

73.2 

16.9 

12 

— 

128 

415.2 

368.9 

16.7 

414.4 

369.8 

80 

13  5 

71.2 

17.0 

13 

57*^2528 

128 

415.0 

368.7 

18.1 

416.6 

371.1 

80 

18.0 

68.2 

17.4 

35 

16.1 

78.5 

14.2 

14 

57^2529 

128 

415.4 

370.4 

17.6 

413.8 

369.7 

80 

13.0 

69.1 

16.7 

15 

— 

128 

415.2 

.376.6 

15.9 

413.6 

375 

80 

11.1 

80.7 

15.5 

16 

— 

128 

414.3 

381.3 

14.6 

416.6 

378.3 

80 

16.5 

82.4 

14.3 

17 

— 

128 

413.3 

378.1 

14.3 

412.2 

373 

80 

09.4 

80.9 

15.1 

18 

— 

128 

415.2 

376.2 

14.7 

416.3 

372.1 

80 

12.6 

74.4 

14.6 

19 

56^2777 

128 

426.8 

377.9 

18.5 

425.3 

378.9 

80 

25.0 

73.7 

18.3 

35 

25.2 

85.3 

14.3 
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Star 

Expo- 
sure 

I 

't'jnin 

D 

I 

>^min 

B.  D. 

1 
mill. 

^1(1 

fl^l 

^fi 

/.Ifl 

20 

— 

128 

416.1 

371.0 

18.8 

414.5 

373.9 

80 

15.8 

71.0 

18.1 

35 

12.6 

76.4 

15.6 

21 

57"2534 

128 

417.1 

— 

17.7 

415.2 

372.9 

80 

15.0 

373.8 

16.9 

35 

13.3 

75.5 

15.3 

22 

— 

128 

419.5 

378.1 

17.0 

417.0 

377.3 

80 

14.6 

76.6 

17.0 

23 

— 

128 

417.6 

381.3 

14.3 

417.8 

378.6 

80 

15.4 

84.5 

13.7 

24 

— 

128 

415  2 

375.3 

17.3 

415.0 

374.7 

80 

15.0 

74.2 

i6.6 

25 

128 

416.5 

376.0 

16.8 

416.0 

374.1 

80 

15.4 

74.2 

16.3 

26 

56"2780 

80 

421.4 

361.2 

23.2 

417.4 

374.9 

35 

19.1 

70.6 

19.1 

27 

56^2779 

128 

424.8 

383.0 

13.7 

425.6 

377.3 

80 

24.2 

81  7 

13  4 

28 

— 

128 

416.3 

371.0 

18.1 

415.1 

373.5 

80 

14.8 

72.7 

17.6 

29 

56^2782 

128 

419.7 

373.6 

18.0 

418.9 

377.8 

80 

20.3 

76.4 

18  2 

35 

17.1 

80.9 

14.9 

30 

— 

128 

418.2 

364.6 

19.6 

418.2 

372.7 

80 

21.8 

69.1 

20.0 

31 

— 

128 

424.6 

380.5 

16.3 

425.1 

379.3 

80 

26.1: 

— 

16.6 

32 

Kriiger  60 

128 

422.5 

374.9 

17.2 

424.2 

375.2 

• 

80 

26.3 

75.7 

16.9 

33 

— 

128 

423.8 

386.2 

13.8 

423.4 

381.5 

34 

56^2785 

80 

440.5 

364.6 

29.3 

428.0 

381.5 

35 

33.0 

71.0 

24.5 

35 

57^2544 

128 

415.0 

372.9 

17.4 

416.6 

374.8 

80 

18.2 

77.7 

16  2 

36 

56"2786 

128 

427.8 

— 

13.2 

426.4 

384.0 

1 

80 

25.3 

387.5 

14.5 

37 

56^2787 

128 

432.1 

379.4 

20.2 

432.0 

387.0 

80 

32.8 

81.3 

21.1 

35 

32.8 

89.9 

17.1 

38 

56"2788 

128 

429.3 

377.7 

20.3 

430.3 

383.5 

80 

33.4 

81.3 

19.8 

35 

29.1 

84.7 

15.8 

39 

56^2789 

128 

418.4 

361.4 

23.0 

416.2 

374.7 

80 

22.1 

65.2 

22.4 

35  1 

17.3 

70.2 

18.3 

no 
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The    values    of   ?.c   cind    imin  are  plotted  in  fig.  10,  in  which 
the  lines  of  fig.  9  have  been  drawn  (with  two  slight  modifications). 
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As  far  as  possible  spectral  types  and  absolute  magnitudes  were 
then  determined  by  means  of  fig.  6  and  7;  in  the  estimation  of 
M  I  have    not    gone    outside    the  limiting  values  found  in  Adams 


and  Joy's  catalogue. 


Continuous  spectra  of  the  sun  and  the  fixed  stars.         Ill 

The  visual  apparent  magnitudes  (m)  of  the  stars  were  deri- 
ved in  the  following  way.  A  sequence  of  photographic  magnitu- 
des was  found  by  means  of  the  values  of  I)  for  the  exposures 
128'"^  and  80"",  using  the  relation  found  for  Pleiades, 

mpjiot  =  a  —  10.6  log  D . 

The  scale  was  fixed  by  means  of  Kriiger  60;  its  visual  mag- 
nitude was  assumed  to  be  9.2  (The  value  given  in  Adams  and 
Joy's  table),  and  its  color-index  to  +  1.7.  The  visual  magnitudes 
of  the  other  stars  were  then  determined  by  subtracting  the  color- 
index  corresponding  to  the  inferred  spectral  type. 

Finally  the  parallaxes  were  computed  by  means  ofilfand  m; 
we  have  b  \og  Ji  =  M  —  in  —  5  .  Our  values  of  31  are  of  course 
very  uncertain  and  only  rough  estimates,  the  parallaxes  are  there- 
fore given  with  every  reservation.  The  results  are  given  in  table 
15.  The  positions  of  the  stars  are  those  of  Bonner  Durchm.,  for 
the  unknown  stars  rough  positions  have  been  derived  in  order  to 
help  the  identification  of  the  stars. 


Table  15. 


star 

m 

R.A.  1855 

Decl.  1855 

Spectral 
type 

M 

71 

B.D. 

1 

57^2514 

10.4 

22^17.21"^ 

57<^13'.6 

G2 

4  8 

0".03 

2 

56*^2768 

10.2 

18.28 

56   16.2 

A 

3 

— 

11.1 

18.4 

57      9.5 

G-K 

+  8 

0.02 

4 

57^2519 

10.0 

18.53 

57      8.7 

F3 

+  1.5 

0.002 

5 

57"2521 

7.4 

18.74 

57      2.2 

K2 

+  1 

0.005 

6 

10.9 

18.7 

56   42 

F 

7 

— 

10.7 

18.8 

56   20 

F7 

+  5 

0.007 

8 

56"2772 

9.9 

19.08 

56   22.4 

K2 

-  0.5 

0.0008 

9 

56^2773 

10.0 

19.46 

56   45.7 

AO 

10 

— 

10.4 

19.6 

56   39 

F 

11 

— 

10.7 

20.0 

56   53 

F 

12 

— 

11.0 

20.3 

57      2 

AO 

13 

57^2528 

10.3 

20.46 

57      5.9 

F3 

+  1.5 

0.002 

U 

5702529 

10.8 

20.47 

57      36 

AO 

15 

— 

11.6 

21.0 

56   29 

B(?) 

16 

11.3 

21.3 

56   18 

F3p 

0 

0.0006 

17 



11.9 

21-3 

56   43 

B 

18 

— 

11.3 

21.4 

56   55.5 

Fl 

+  1.5 

0.001 

19 

5(3^2777 

9.1 

21.49 

56    54.8 

K2 

+  1 

0.002 
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Star 

m 

R.  A.  1855 

Decl.  1855 

Spectral 
type 

M 

71 

B.  D. 

20 

10.2 

22^21.6'" 

56^23' 

F 

21 

57^2534 

10.5 

21.80 

57      4.9 

F 

22 

— 

10.5 

21.8 

56   40 

F4p 

0 

0".0008 

23 

— 

11.2 

21.8 

56    14 

F8p 

0 

0.0006 

24 

— 

10.6 

22.0 

56   35 

F 

25 

— 

10.6 

22.15 

56   38 

F6 

-f  5 

0.008 

26 

56^2780 

8.7 

22.19 

56   33.8 

GO 

+  3 

0.007 

27 

56^27  79 

10.8 

22.18 

56   22.6 

K8 

+  9 

0.04 

28 

— 

10.4 

22.5 

56   53 

F 

29 

56^2782 

9.8 

22.62 

56    20.9 

Gl 

0 

0.001 

30 

— 

9.5 

22.75 

56   28 

G--K 

+  6 

0.02 

31 

9.6 

22.8 

56   46 

K2 

4-    1 

0.002 

32 

Kriiger  GO 

9.2 

22.83 

56    58.3 

(M  b) 

(-rll.2) 

(o."25i) ; 

33 

— 

10.4 

23.0 

56   45 

K2 

-  0.5 

0.0007 

34 

5G''2785 

6.8 

23.12 

56    10.9 

K4 

-f  1 

0.007 

35 

57^2544 

10.4 

23.25 

57      8.2 

F8 

+  4 

0.005 

36 

56^2786 

10.3 

23.66 

56   23.5 

K3 

-  0.5 

0.0007 

37 

56^2787 

8.4 

23.70 

56   28.2 

K5 

-  1 

0.001 

38 

56^2788 

8.6 

23.90 

56   58.6 

K  5 

+  1 

0.003 

39 

56^2789 

9.1 

24.28 

56   42.4 

F7 

-t-  5 

0.02 

In  addition  to  Kriiger  60  there  are  tAvo  stars  observed  in  B.  D., 
57"2514  and  56^2779,  which  are  found  here  to  be  extreme  dwarfs 
with  considerable  parallaxes.  Mr  K.  Lundmark  has  kindly  gone 
over  a  great  number  of  star  catalogues  in  order  to  find  observa- 
tions for  these  stars  but  without  an)^  result.  From  the  positions 
given    in    B.  D.  the   two    stars    seem   to  have  a  proper  motion  of 

1" 
about  —  per  annum  in  the  direction  towards  increasing  R.  A.;  the 

pre.sent  order  between  the  neighbouring  stars  57^2514  and  57^2516 
and  between  56^2779  and  56^2780  is  opposite  to  that  recorded  in 
B.  D.  How  much  significance  ought  to  be  ascribed  to  this  fact  is 
perhaps  doubtful,  but  it  gives  some  support  to  the  order  of  mag- 
nitude of  the  parallaxes.  Between  the  stars  57"2511,  2512  and 
57^2514  there  are  two  neighbouring  faint  stars  with  large  values 
of  io .  We  are  probably  concerned  here  with  a  system  of  two 
extreme  dwarfs,  connected  with  each  others. 

Let  us  finally  consider  the  giants.  There  are  three  »yellow» 
giants  here,  for  which  I  have  given  the  spectral  types  F3p— F8p 
because    of   their    abnormally    high    values  of   imin-     Possibly  we 
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are  here  concerned  with  stars  of  c-characteristics;  I  have  esliiiia- 
ted  their  absolnte  magnitudes  to  about  0  in  accordance  with  the 
results  of  Adams  and  Joy  for  c  and  ac  stai\s.  In  this  way  we  get 
for  these  stars  parallaxes  of  the  same  order  of  magnitude  as  for 
several  »red»  giants.  Now  the  region  examined  here  is  projected 
upon  a  small  star-cloud  connected  with  the  Milky  Way  in  Clepheus. 
If  we  assume  that  the  »yellow»  and  »red»  giants  mentioned  are 
the  most  luminous  objects  of  the  star-cloud  in  question  we  may 
estimate  the  parallax  for  the  Milky  Way  in  Cepheus  to  0".0007. 
corres])onding  the  the  distance  J 400  [)arsec  or  4700  light-yeais. 
This  must  probably  be  considered  as  a  niinimum  value  of  the. 
distance. 


B.  Lindblad:    Continuous  spectra  of  the  sun  and  the  fixed  stars. 
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Plate  I. 
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a-^-g-jA*' <fl  '■'illll 


Grating  spectra  of  stars  in  Ceplieus,  second  plale,  exposure  2^  8™.    Enlargement 
2.2:  1;  1   mm  =  r.l.    The  square  marks  the  region  examined  here.    The  strongest 

star  on  the  phate  is  3  Gephei. 


